TW3730TU — Numerical Analysis for PDE’s

Lecture 1
Course Structure and Mathematical Preliminaries

/2%



Course Structure




TW3730TU

@ 7 weeks, 8 hours/week, 10 lectures (first 5 weeks), 18 practical
sessions
@ Grading policy:
© Practicum grade based on TA's assessment of progress and quality of
Assignments 1-5: P = 0.5(Timeliness + Correctness), 0 < P < 10,
passed if P > 5.8
@ Written exam grade 0 < E < 10, passed if E > 5.8
© Final grade =0.7P + 0.3E
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Course materials

© Study Guide (Brightspace)

@ Slides (Brightspace)

© Assignments (Brightspace)

@ Main book: J. van Kan, A. Segal, and F. Vermolen, Classical
numerical methods for scientific computing, TU Delft Open Textbook,
2023 (https://textbooks.open.tudelft.nl/textbooks/catalog/book/67)

© Basic numerical analysis book: C. Vuik, F.J. Vermolen, M.J. Vuik,

Numerical Methods for ordinary differential equations, TU Delft Open
Textbook, 2023
(https://textbooks.open.tudelft.nl/textbooks/catalog/book/57)

O Calculus book: J. Stewart, Calculus: Early Transcendentals

@ Install software stack, see Brightspace
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Grading and attendance policy: details

© Timeliness grade is based on your assignment progress
@ Timeliness deadlines per question will be decided by TA's and visible
in Study Guide

© It is your responsibility to show your progress to your TA during the
practicum session

@ Correctness grade with feedback is issued after you upload notebook
of the assignment on Brightspace and it is checked by TA

© You can skip maximum two practical sessions for a good reason. Warn
your TA in advance. Agree with TA on how you would be showing
your progress for the timeliness grade. This should be done either
during the previous session or per e-mail and prior to the deadlines.

@ Assignments are individual - no group work is allowed. Identical codes
and reports will be treated as plagiarism and points deducted. TA will
ask questions about your answers and code.

@ Register for the written exam.

5725



Creating a numerical PDE solver

@ Study the physics and symmetries of the problem. Write down the
PDE, initial, boundary conditions

@ Choose the numerical method: FD, FV, or FE

© Discretize on paper (level of details depends on software): matrix
elements (FDM, FVM); weak form of PDE'’s, choice of basis/test
functions (FEM)

@ Software implementation:

» Choose: package (COMSOL, ANSYS), high-level library (FEniCS,
Matlab), low-level library (OpenFOAM), from scratch (Python, Matlab,
C/C++, FORTRAN)

» Geometry, materials, mesh, refinement (use software tools)

» System matrices (automated in packages, difficult from scratch)

» Non-linear and/or time-domain solver, linear-algebraic solver,
preconditioning (use existing libraries)

© Debug, calibrate, compare with others

O Study something new, make predictions
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Mathematical Preliminaries
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Derivation of PDE'’s

_‘ Physics, chemistry, biology, economics, etc |

: !

| Global conservation law |

: !

| Densities |

: !

| Integral theorems, vector calculus |

: !

| Local conservation law |

. !

_>| Constitutive relations |

| Partial Differential Equation (PDE) |
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Gradient

Given a scalar function u(x,y, z) of three variables, the gradient of u is
the vector:

du
ou- Ou- Ou- |
qu=7 e UE_|du
gty = o o T T |y
oz

Alternatively, using the nabla operator V the gradient of u is:

0
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V= , gradu=Vu
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Directional Derivative and Gradient

Directional derivative Dyu of the function u in the direction of the unit
vector V = vy i+ v, j+ v, k, |[V] = 1is defined as:

ou 0

Dyu = vy +vy

e u+vz—:Vu-\7:|Vu||\7| cosf = |Vu| cosf

@ 0z

Hence, the maximum value of the directional derivative Dyu is |Vu| and it
occurs when v has the same direction as Vu.

Thus, the gradient vector Vu gives both the direction of the maximum

rate of growth of u(x, y, z) at the point (x, y, z) and the magnitude of this
rate.
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Applications of gradient: heat flow

Fourier’s law: Heat flows from warm to cold, the stronger is the
temperature difference, the faster is the flow. Mathematically: Heat flux
density G is proportional to the negative temperature gradient:

G=—kVT

g is the local heat flux density [W m~2],

k is material’s thermal conductivity [W m~1K™1],
VT is the temperature gradient [K m™1],
T(x,y,z) is the local temperature [K]

5



Gradient in electrostatics, hydrostatics and diffusion

Electrostatic field: The electrostatic field E is defined as the negative of
the gradient of the electrostatic potential ¢, i.e., E= —Vo¢. If ¢pisin
Volts, what are the units of E7 The electric displacement field (electric
flux density) D is defined as eE, where ¢, [F m~'] is the dielectric
permittivity of the material. What is the expression of D in terms of o7

Darcy’s law: the (slow) flow of water through porous medium is driven by
the hydrostatic pressure and depends linearly on the height of the ground
water level h. What is the mathematical expression for the water flow
density g in terms of h?

Fick’s law: a substance diffuses from higher to lower concentrations at a
rate proportional to the concentration difference. Write diffusion flow
density ¢ in terms of the local substance concentration ¢? What are the
dimensions of all quantities in S| units?
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Divergence

Given a vector field lj(x,y, z) = Us(x,y, 2) i+ Uy(x,y, z)f+ U.(x,y, 2) K,
the divergence of U is the scalar:
ou, ou, ouU,

divU = Ox + oy + 0z =V

Scalar functions Uy, Uy, and U, are called components of the vector field
U. Sometimes denoted as U, U>, and Us.

In books and papers vectors and vector fields are denoted with bold font:

U=u, or q=—-kVT

This notation will be used from now on.
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Domain 2, boundary surface S, normal vector n
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Flux of a vector field

@ We exclude nonorientable surfaces such as the Mobius strip and
consider only two-sided surfaces

o If it is possible to define a normal vector n at every point of S so that
n varies continuously over S, then S is called oriented surface and
the given choice of n provides S with an orientation

Definition. If F is a continuous vector field defined on an oriented surface
S with unit normal vector n, then the surface integral of F over S is

¢://SF-dS:/[5(F-n)dS

® is called the flux of F across S, and F is often called the flux density.
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Applications of fluxes: Gauss's law, heat flow

Gauss’s law: the net charge Q enclosed by a closed surface S is given by

QZEo//E-dS
S

Heat flow: From the Fourier law ¢ = —kV T. The rate of heat flow @
across the surface S is

<b=//5q-d5=—//5kVT-dS
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Global form of conservation laws

Let Q(t) be the total amount of some quantity inside the domain Q at
time t. There are two reasons for @ to change with time: the outward flux
® across the boundary S of Q2 and the creation or destruction of this
quantity at the rate R(t) inside Q.

Then, the rate of change of Q inside Q can be written as:

dQ
X _o+R
dt *

This is the general global form of the conservation law.
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Divergence Theorem

Divergence Theorem. Let Q2 be a simple solid region and let S be a
boundary surface of Q with positive (outward) orientation. Let F be a
vector field whose component functions have continuous partial derivatives
on an open region that contains 2. Then

//SF-dsz///Q(v-F)dv

In words: the flux of F across the boundary surface of €2 is equal to the
triple integral of the divergence of F over (2.
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Local form of conservation laws

Let p(x,y, z, t) be the density of some quantity and f(x, y, z, t) be the
local rate of its creation/destruction. Then,

:///dev, R(t)://Qde

If J is the flux (current) density, then the conservation law is

] rav—- //J as+ [[[ rav
///Q(V-J)dVJr///Qde

If this holds for any Q, then the local conservation law (continuity law) is

dp
J="f
5tV
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Diffusion equation

As we know, there is a constitutive relation Jyifsion = —kVp, which

connects J and p via a constitutive parameter of the medium k. Then, the
conservation law becomes a PDE:

9% _
ot

which is called the diffusion equation.

- (kVp)="f
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Advection equation

Convection (advection) current density has the form:

Jconvection = pv

where v is a given velocity field. Then, the local conservation law yields
the PDE: 5
I
riv. —f
5 TV ()

which is called the advection equation. Since V- (pv) = v-Vp+pV v,
in the case where V - v = 0 (incompressible flow, solenoidal v) we get a
simpler advection equation

dp

“r . = f
8t+v Vp

BT



Convection-Diffusion equation

If current density contains both the advection (convection) and the
diffusion contributions:

J = Jdiffusion + Jconvection
Then, the conservation law becomes

o0 _

ap vV (kV) £V (pv) = f

which is called the advection-diffusion or convection-diffusion equation.
In the incompressible case:
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Poisson equation, Laplace's operator

In the steady state
op
ot
and the diffusion equation reduces to the Poisson equation:

0

—V - (kVp)=f

If also k # 0 is a constant (uniform in space), then

where

A =V -V is called the Laplace operator.
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Electrostatic potential

By definition E = —V ¢, where ¢ is the electrostatic potential. The Gauss
law and the Divergence Theorem give

Q=///deV=so//SE-dS=60///QV-EdV=—50///QV-V¢dV

where p is the charge density. Hence, ¢ satisfies the Poisson equation

1
—Ap=—p
€0
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Gradient of a vector

In some equations we meet:

o Ouy % ou,

5 A

_ |9 — | Qux Y4 Oug

Vu = %y [UX uy Uz]— Oy Oy Oy
oz

0z bz Oz

Or the nonlinear term:

u-Vu=[uc uy u] Jue Oy Jug

B Ouy Ouy Ouy Ouy Ou, ouy
= |k Ty, TG Mg T, Tl
&4_ 8Z+ %
X Ox uy8 uzﬁz

YT



Divergence of a tensor

In elasticity the stress T is a tensor:

Txx Txy sz
T=|Tx Ty, T,
sz sz 7-zz

The divergence of a tensor is defined as

8 P 8 Txx Txy sz
V.-T= {& dy 5} Ty Ty Ty
sz sz Tzz

B [aTXX 0Ty, OToe 0Ty |

Ox Ay 0z ' Ox
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