WI3730TU — Numerical Analysis for PDE’s

Lecture 11
Linear solvers:
LU factorization, classical iterative methods,
regular splittings, Jacobi, Gauss-Seidel, SOR
Gerschgorin's Lemma

/2%



Why study linear solvers?

@ Numerical solution of all PDE’s involves solving one or multiple linear
algebraic problems: Poisson eq. (one), diffusion with Backward Euler
(one per outer iteration), nonlinear equations with BE (one per inner
iteration), etc

@ Matrix assembly and linear solvers are computationally expensive

@ Large computational domains and fine spatial discretization lead to
very large linear algebraic problems

@ Some system matrices are symmetric, other are not may require
special linear solvers
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Well-conditioned linear problems

We are considering linear systems of the form
Ax=Db

where
e AcR™" x,beR"
@ A is nonsingular and well conditioned

@ we shall see how other properties of A help to find a suitable solver
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A few words about direct solvers
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LU factorization

@ A well conditioned system Ax = b can, in principle, be solved by
Gaussian elimination without pivoting
@ A practical way of doing Gaussian elimination is to factorize the
matrix A as:
A=LU
where U is upper triangular and L is lower-triangular with all diagonal
elements equal unity
@ Then, the linear system Ax = b is replaced by two systems Ly = b
and Ux =y both of which can be solved by simple substitution in
O(n?) Floating-Point OPerations (FLOP's)
@ LU factorization itself costs O(n®) operations to do
i1
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LU factorization of banded matrices

@ Matrix A with elements ay , is called banded with bandwidth s if
ax.m =0 for every k,m € {1,2,..., n} such that |k — m| > s.
Example: tri-diagonal matrix has bandwidth s =1

Ordering of unknowns influences the bandwidth of A

Storage (elements): dense — n?, banded ~ (2s + 1)n
Operations count (flops):

» LU factorization: dense — O(n?), banded — O(s?n)
» Solving Ly = b and Ux =y: dense — O(n?), banded — O(sn)

o If the matrix A is positive definite, then a twice cheaper ‘perfect’
Cholesky factorization A = LL" can be applied if the ordering of
unknowns is right (tree structure)

@ Solver based on factorization of A is called a direct solver
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Classical Iterative Methods
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Linear one-step stationary iterative scheme

Consider the system

Ax

I
o

(1)
and the iterative procedure:
X1 = Hxg +v (2)

The spectral radius p(A) = max{|A| : A € 0(A)}, where o(A) is the set of
eigenvalues (spectrum) of A.

It is always true that p(A) < ||Al|, where || - || is the Euclidean norm. For normal
matrices, i.e., such that ATA = AAT, p(A) = ||A||. For general square matrices:
1Al = [p(AT A2

Theorem: Given an arbitrary linear system (1), a linear, one-step, stationary
scheme (2) converges to a unique bounded limit X, regardless of the choice of the
starting vector xg, if and only if p(H) < 1. Moreover, X is the solution of (1) if
and only ifv= (I — H)A™1b
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Proof (1): Let p(H) < 1 and let H be diagonalizable with the
eigendecomposition H = VAV ™. Then,

lim H* = lim (VAV Yk = Jim (VAV™ lvav=l..ovav Y

k—o0 k—o0

= V(Iim /\k) Vl=0
k—ro0
since |\j| < 1, A\; € o(H). If H is not diagonalizable, the same can be proven
using the Jordan decomposition H = WJW 1.

We claim that:
= Hkxg + (I — H)™}(I — H*)v, k=0,1,...

Induction: (i) It is true for k = 0, since H® = /. (ii) Assume it holds for some
k > 0. (iii) Then, it also holds for k + 1:

Xkp1 = Hxg +v=H [Hkxo + (1= H)Y (I = H V] +v

= H" %o + [H(I = H) (1 = H*) + [] v

= H %o + [(1 = H)~ 1H( H) + (1 = H)"Y (1 — H)] v
= H % + (I = H) 7Y (H = H*Y 1 — H)v

= H %+ (I = H) 7 (1 = H* v
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Proof (2): Hence, the iterative process converges to the vector X:
%= lim x, = lim H*xo + (I = H)"}(/ = HX)v = (I = H)"!v
k—o00 k—o00
Let p(H) > 1.
If 1 ¢ o(H), then | — H is invertible and X = (/ — H)~!v is the only possible

bounded limit of the iterative scheme. Assume there was another bounded limit
y. Then,

§= lim x441 = lim (Hxx+v)=H lim xx +v=Hy+v
k—s o0 k— o0 k—o0
and § = (I — H)"lv =%, i.e., the limit, if it exists, is unique.

If 1 € o(H) and w is the corresponding eigenvector Hw = w, then, whenever
there is a limit, y = Hy + v, it follows that § + w = H(§ + w) + v is also a limit.
Hence, with 1 € o(H), either there is no limit or the limit is not unique, i.e., there
is no convergence.
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Proof (3):

Choose A € o(H) such that |A| = p(H) > 1. Let now w be the eigenvector of this
eigenvalue, i.e., Hw = Aw, and let ||w| = 1. We show that in this case there is
always a starting vector xo for which the iterations will fail to converge.

Case 1: Let A € R. Hence, w is also real (up to a multiplier). Choose the starting
vector as xg = w + X. We claim that

Xk =Mw+% k=0,1,...

Induction: (i) This is true for k = 0. (ii) Assume it is true for some k > 0.
(iii) Then, it is also true for k 4 1:

X1 = Hxy +v = H()\kw—i—i) +v= )\k+lw+ H(/ _ H)_1V+V
= NHw 4 (1 = H) Y Hv + (1 = H) 7Y — H)v
=NFw A (I = H) Y H+ 1= Hv = Xw 4 (1 — H) v = A w + %

It follows that, since [A| > 1,
Ixe — &[| = [ Xw|| = A >1, k=0,1,...

In other words, the sequence {xx} does not converge to X.
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Proof (4): Case 2: Let A € C. Then, if (A, w) is an eigenpair, so is (A, w).
Furthermore, since \ # 2, the two eigenvectors, w and w, are linearly
independent. Otherwise, they would correspond to the same eigenvalue. Consider
the function

g(z)=llzw+zw||, zeC

This is a continuous function g : C — R. Hence, it attains a minimum on every
closed and bounded subset of C, in particular, on the unit circle. Therefore,

inf |lew+4 e W) = min |e’w+ e W] =v>0
—m<O<m —m<6<m

Suppose that v = 0. Then there exists 6y € [—, 7] such that
|ew + e~ "W =0

and w = e?’w, i.e., w and W are linearly dependent, which is not possible.

Hence, v > 0. The function g(z) is homogeneous,

g(re’®) = ||re’®w + re "W = r|e®w + e W = rg(e®), r>0, |0 <7
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Proof (5): In particular,

2@ =g (1215 ) = lele () 21zl zeC\ (0}

|| ||

Choose the starting vector as xg = w + W + X. It is possible to show inductively
that

X = Mw+ NWHK k=0,1,...
Hence,
Ixk — %] = [Nw+ XW| = g(\) > Afv>v >0, k=0,1,...

and the sequence {xx} is bounded away from the only possible limit %, i.e., it
cannot converge.

The claim that v must be equal (/ — H)A~!b is easy to check, since x = A~1b is
the exact solution and X = (/ — H)~1v is the unique limit. [

1375



One-step iteration: conclusion

@ Tosolve Ax=b

@ One could use iterations xx 11 = Hxx + Vv

e Provided that p(H) < 1 and v= (I — H)Alb

@ Not practical, used as a tool for studying other methods
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Incomplete LU factorization (ILU)

Suppose that there is a spllttlng A= A — E such that it is easy to find the
LU factorization of A (e.g. A is banded). Then,

Ax=b
(A—E)x=b
Ax = Ex+b

This suggest the following Incomplete LU Factorization iterative scheme:
AAXk_H =Ex,+b

where one needs to compute the LU factorization of A and re-use it at
each iteration to find xx1.

This can be put in the form xx+1 = Hxy + v if we choose H = A-1E and
v=A1b
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Regular splittings

ILU, where A=A — E, is an example of the regular splitting A= P — N,
where P is nonsingular. Consider the iterative scheme:

Pxixr1 = Nxix+b (3)

Theorem: Suppose that both A and P + PT — A are symmetric and
positive definite (SPD). Then the scheme (3) converges.

Note that in this case H = PN =P~ }(P - A) =/ — P 'Aand v= P !b.
Proof shows that under these assumptions all eigenvalues A of / — P~1A have
[A] < 1.
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Proof (1): Let A € C be an arbitrary eigenvalue of H =/ — P~1A and w — the
corresponding eigenvector. Then,

First, we conclude that A # 1, since otherwise Aw = 0 for some w # 0, i.e., A'is
singular, which contradicts the assumption that A is SPD. Further, since A is
symmetric and A\ # 1,

—A)w Pw=w Aw €
1-Nw'P TAw € R
1-Nw P 'w=w'Aw
1 1
(155 g 1) WA =P T A
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Proof (2): Since

We compute

Re {w'Aw} = Re {(wr — iwy)"A(wg + iwp) } = wi, Awg + wy Aw;

Re {WT(P+ pT _ A)W} - ng(P_,_ pT _ Awg +WIT(P+ pT _ A)wi

So that
L= T T T T T
[ESYH (Wi Awg +w] Awp) = wi (P + PT — A)wg +w{ (P + PT — A)w;
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Proof (3): Both A and P + PT — A are positive definite and it is impossible for
both wr and wi to vanish simultaneously, since this would imply w = 0. Hence,

W£AWR + WITAWI >0
wi(P+PT — Awg +w/ (P+P" — A)w; >0
Therefore,

1— )2

— >0
T=x2

Hence, |A| < 1 for any X € o(H). Consequently, p(H) < 1 and the iterative
scheme (3) converges. [
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Jacobi, Gauss-Seidel, and SOR methods

Any matrix A can be split as A= D — Ly — Up, where D is diagonal, Lg is
strictly lower-triangular, and Uy is strictly upper-triangular. Let
L=D1Lyand U= D 'Uy. Then, an iterative scheme X1 = Hxg +v
can be constructed in several new ways:

@ Jacobi method: H= L+ U and v = D~ !b or as regular splitting
Dxyi1 = (Lo + Uo)Xk +b

@ Gauss-Seidel method: H = (I — L)™*U and v = (I — L)"*D~b or as regular
splitting

(D — Lo)xk41 = Upxx +b
@ Successive Over-Relaxation (SOR) method:

H, = (I —wl) (1 — w)l + wU] and v,, = w(/ —wLl)"tD~1b, where
w € [1,2) is the relaxation parameter. As regular splitting:

1 1
(D—Lo) Xk+1 — |:<—1)D—|—U0:| Xk—|—b
w w
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Lemma (Gerschgorin): Let A € C"™" be an an arbitrary matrix with elements
ak,m- Then the following holds for the spectrum of A:

o(A) C Up_;Sk (4)
Sk=19z€C : |z—aki| < Z\ak,mI (5)
m#£k

Moreover, A € o(A) may lie on the boundary 0S, for some ¢ € {1,2,...,n} only
if A € OSk for all k € {1,2,...,n}. The Sy are known as Gerschgorin disks.

Definition: A matrix A is diagonally dominant if

n

|ak,k|2 Z|ak,m|a k:1a2a"'an (6)
m#£k

with strict inequality for at least one row.

Theorem: [f the matrix A is diagonally dominant, then both the Jacobi and
Gauss-Seidel methods converge.
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Proof (1): Jacobi: The iteration matrix of the Jacobi method is
H= D"ty + D Uy, where di,x = akk. Hence,

n n n

1
E |hk,m| = E |hk,m| = m E |ak,m| < 17 k= 1727' --5n
m=1 ’

m#k m#k

and this inequality is sharp for at least one k. Since hy x = 0, by the Gerschgorin
Lemma, p(H) < 1 and the Jacobi iteration converges.

Gauss-Seidel: For the Gauss-Seidel method: H = (I — D~1Ly) 1Dt U,
v=(/—D71Ly)"*D7b. Choose X € o(H) with the corresponding eigenvector
w. Hence,
Hw = A\w
(I = D7) 'D Upw = \w
Uow = AD(I — D™ Lo)w
Uow = X\(D — Lo)w
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Proof (2): Since A= D — Ly — Uy, we can rewrite Upw = A(D — Lo)w as

k—1
Z akam—/\akka—F)\Zakam
m=k+1 m=1
Adj Wi = — Z akmwm—kzakmwm
m=k+1
n k—1
M ak el wiel <> fam| [Wanl + ALY |ak,m] [win]
m=k+1 m=1

n k—1
< ( 52 foenl 4N Y |ak7m|) max ol

m=k+1 m=1

forall k=1,2,...,n
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Proof (3): Let g be the index for which |wy| = maxy, |wp,| > 0. Then,
[Allag,ql < Z |ag,m| + Al Z |ag,m|
m=q+1
Assume that |A| > 1. In which case
1
|lag,ql < H Z lag,m| + Z |ag,m| < Z |ag,m| + Z |ag,m| < Z |ag,m|
m=q+1 m=qg+1 m#q

However, since also |ag,q| > 37 . |agm|, it must be that ag 4| = 327 . [ag.ml-
At the same time, as we showed earlier

n k—1
M awl Wil < 7 fawm| Wl + A lakm| [wil, k=1,2,...,n
m=k+1 m=1
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Proof (4): Considering k = g and substituting |ag | = E"m#’ |ag.m| we get

n q—1
[Allag,ql gl < Z |3q,m||Wm|+|)‘|Z|3q,m||wm|
m=q+1 m=1

n
Al Z |ag,m| [wq| < Z |ag,m! [Wim| + [Al Z |ag,m! [Wim| < |Al Z |ag,m| | Wl

m#q m=q+1 m#q
n n
D lagml Iwal <D lagm| |wil
m#q mzq
Since |wy| = maxp, |Wm|, the last inequality can only hold if |wp,| = |wy| for all

m=1,2,...,n. Hence, any k =1,2,...,n can be chosen as g and the equality
lak k| = Z"mik |ak,m| must hold for all k =1,2,...,n, which contradicts the

assumption of strict diagonal dominance. Therefore, |A\| < 1 and p(H) <1. [
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Classical iterative methods: conclusion

@ Tosolve Ax=Db
@ One could use various regular splittings A= P — N

@ And iterations Pxyx11 = Nx, + b, which is the same as
Xk+1 = P_lNXk + P~1b

@ There are several splittings, which guarantee p(P71N) < 1, i.e.
convergence

@ Often a symmetry of A is assumed, convergence is slow
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