WBMT2049-T2/WI2032TH — Numerical Analysis for ODE’s

Lecture 3

Interpolation
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Definition: Interpolation and extrapolation in one dimension

Given the set of data points x;, i = 1,..., n, and the values f(x;) of a function
f(x) in these data points, the interpolation problem concerns with estimating
(predicting, reconstructing) the values of f(x) at a new point x, situated between
the given data points. Whereas, the extrapolation problem deals with estimating
f(x) at a new point outside the interval covered by the old data points.

In machine learning, the pairs (x;, f;) are called the data points, and the problem
is to learn the shape of the function f(x), so that its value can be predicted for
any new x.

Both the data points and the function values can be vectors, x; € RP, f; € R™, or
even tensors.

2/53



linear interpolation
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Linear interpolation

In linear interpolation the value of f(x) at x € [xo, x1] is
estimated /approximated as a value of the linear function L(x) that goes

through the data points (xo, f(x0)) and (xi, f(x1)).
A linear function has the general form:
L(x) = a+ bx

and is completely determined by the two parameters a and b. Alternative
expressions are possible and will be discussed in this Lecture.
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Linear interpolation

Formally, we can pose the linear interpolation problem as follows. Find
constants a and b such that:

L(x) = a+ bx,
L(x0) = f(x0),
L(x1) = f(x1).

Solving:

(1) {a + bxg i f(Xo) (2) {a = f(Xo) — bxp -
a+ bxy =f(x1) f(x0) — bxo + bxy = f(x1)

X1—X0
b(x1 — x0) = f(x1) — f(x0) p = flxi)=f(x0)

X1—X0
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Linear interpolation

The solution is:

L(x) = F(x) — f(x1) — f(xo)x0 N f(x) — f(XO)X

X1 — Xo X1 — Xo

Now, we rewrite it in a form that is easier to extend to other types of
interpolating functions.
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Linear Langrange basis functions

Introducing linear Lagrange basis functions on the interval [xg, x1]:

X1 — X
Loa(x) = =0

X — X
L171(X) = 1 _;0.

The second index in L; ,, refers to the degree of the interpolation polynomial. It
is n =1 in the linear case (1st degree polynomial). The first index refers to the
point where the basis function equals one (it equals zero in the other point):

Notice that Lo is a linear decreasing function and L ; is a linear increasing
function.
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Linear Langrange basis functions

Xo Xy
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Finding the interpolator

The idea is to represent the function L(x) via the linear combination of the
functions Lo 1(x) and Ly 1(x), i.e., find coefficients ¢y and ¢;, such that:

Ll(X) = CoLoyl(X) —+ C1L171(X),
Ll(Xo) = f(Xo), L1(X1) = f(Xl).

A linear combination of linear basis functions is a linear function (why?), and
index 1 in L;(x) shows that it is a first-degree polynomial.

Using the very convenient properties of the basis functions we find:

COLO,l(XO) + C1L1,1(X0) = f(Xo),
C0L0,1(X1) + C1L171(X1) = f(Xl),

Co = )‘-(Xg)7
G = f(Xl)7
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Definition: Linear Lagrange interpolation

The linear Lagrange interpolation of the function values f(xp) and f(x;) at the
point x € [xo, x1] is defined as

L]_(X) = f(Xo)Loyl(X) + f(X]_)L]_’l(X),
where the linear Lagrange basis functions are:

X1 — X X — Xo

Ll,l(X) =

Lo,l(X) = = D Xo.

X1—X07

It is easy to show that this equals the previously obtained expression

fla) — f(XO)XO n fxa) — flxo)
X1 — Xo X1 — Xo

L(x) = f(x0) —
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Linearly interpolated function

Xy X,
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approximation error of linear interpolation
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How good is the estimate L;(x) of f(x)? The approximation error of linear
interpolation is defined as

f(x) = Li(x)

Obviously, this error is zero in the data points. It is also intuitively clear that a
linear approximation of f(x) introduces an error of the order O(x — xg)? or
O(x — x1)?. However, it is difficult to use the Taylor series technique here.
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Theorem: Error of linear approximation

Let xo, x1 € [a, b], xo < x1, and f(x) € C?[a, b]. If L1(x) is the linear polynomial,
such that L;(xp) = f(xo0) and Li(x1) = f(x1), then for each x € [a, b] there exists
¢ € (a, b) such that:

7€)

() - Lx) =

(x = x0)(x = x1).
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Proof: error of linear approximation

We need to show the existence of £ € (a, b) for any x € [a, b] such that the error
formula holds. If x = xg or x = x;, we have:

f(x)— Li(x) = @(x —x0)(x —x1) = @(0) =0,

which is true for any f/(£) and therefore we can take any £ € (a, b) and the
formula will hold.

Suppose x # xp and x # x;. For any such x, we can say that there is a number g
such that

f(x) — Li(x) = g(x — x0)(x — x1).
In fact, g is trivially given by

f(x) — Li(x)
(x —x0)(x —x1)’

but it is possible to show that g = "/(£)/2 for some £ € (a, b) as well.
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Proof: error of linear approximation

Looking at the difference function ¢(t):
B(t) = f(t) — Li(t) — q(t — x0)(t — x1),

we notice that: ¢(xp) = @(x) = ¢(x1) =0, i.e. it takes the same value 0 at three
points xp, x, and x;. By Rolle’s Theorem, ¢/ = 0 at some t; € (xo, x) and

tr = (x,x1). Since ¢'(t1) = ¢'(t2) = 0, by Rolle’s Theorem, ¢’ = 0 at some

& € (t1, ) C (a, b), hence at some & € (a, b). Taking the second derivative of

o(1):
¢"(t) = f"(t) - 2q.
For some £ € (a, b) we have: ¢"(¢) = f"(£) — 2g = 0. Therefore,

()
&)

q
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Upper bound on the approximation error

We want a simple expression for the error in terms of the distance |x; — xo|.

170 = 001 = [FE =)o = m0)| < 3 mar 17701106 = x0)x = )
Now we show that

1
(¢ = x0)(x = xa)| < Flxa = ol

Introducing the number a such that:
x—xp=a(x1 — xp),
we obtain

xp—x=(x1—x) — (x—=x0) =(x1 —x) —alx1—x0) = (1 —a)(x1 — x0)-

Hence,

|(x = x0)(x —x1)| = a(1 — a)lx1 — xo?
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Upper bound on the approximation error
To show that

1
1-a)< =
a(1-2) < .
—a2+a—l<0
4—7
consider the equation
1
2

_ — - =0

a+a 2

It has only one solution:

“1+4/1-% 4
22—_2 =

al —5

Taking the shape of the parabola into account, for all other values of a:

1
_ 2 — =<0
a“+a

Lecture 3
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Upper bound on the approximation error

£€la,b]

=] = - = a

[f(x) = L) < 2 (X1 —Xo)2 max |f"(¢)]




interpolation v.s. extrapolation

Theorem about the error allows to take x € [a, b], where f € C?[a, b]. It is
possible that [xo, x1] C [a, b] and x € [a, b], but x ¢ [xo, x1]. When this happens

we have extrapolation of f(x) by Li(x) beyond the interval [xo, x;] covered by the
data points.

Does it mean that the errors of interpolation and extrapolation are really the
same? Yes, the formula is the same. Although, f”(¢) is different for every new x.
However, there is more at play here.
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working with noisy data

Suppose that instead of the exact function values f(xp) and f(x1) we are given
experimental data f(xp) and f(x;) such that:

f(x0) — F(x0)| < e,
f(x1) — F(xa)| < e,

where € > 0 is the upper bound on experimental error. If we use the experimental
data to estimate f(x) by the linear Lagrange interpolation, we get:

Li(x) = f(x0)Lo1(x) + F(xa)Lya(x).
The error with respect to the interpolation of the clean data is:
L1(x) = Li(x) = (F(x0) — F(x0))Lo1(x) + (F(a) — (1)) L11(x)
IL1(x) = Li(x)] < [F(x0) = F(x0) Lo (x)] + [F(xa) = F(x1) L1 (%))

pa—x| | Ix—xl _ a—xl+x—xl
€ +e€ = €
X1 — Xo X1 — Xo X1 — Xo

<
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interpolation and extrapolation with noisy data

The bound

~ |x1 — x| + [x — xo]
L —L <
100 - Lo < P2l

holds for both the interpolation, when x € [xo, x1] and the extrapolation, when
x ¢ [xo, x1].

For interpolation we have the identity |x; — x| + |x — xo| = |x1 — xo| and the
bound becomes:

ILi(x) = Li(x)] <6, x<x<x

For extrapolation, e.g., x > x1, we have |x — xo| = x3 — x0 + x — x; and the
bound becomes:

IL1(x) — Ly(x)] < <1 + 2X_X1) 6, x>x
X1 — Xo

It grows linearly with x. A little noise in experimental data will produce very bad
extrapolations. Extrapolation is sensitive with respect to noise.
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Questions

X < Xp.

@ Derive the upper bound on the extrapolation error with noisy data for

=] = - = A



higher-order Lagrange interpolation

=] = - = a




can we improve on linear interpolation?

Xy X,
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polynomial interpolation

@ Suppose there are n+ 1 distinct data points given, xg, ..., Xn,
together with the n+ 1 function values f(xp), ..., f(xn).

e It is always possible to fit the n-th degree polynomial function L,(x)
so that:

La(xj)) = f(xj), j=0,...,n

@ Such a fitted polynomial could then be used to interpolate between
the data points, i.e., to approximate the value of f(x) by L,(x).
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what does it mean, to fit a polynomial?

General expression for the n-th degree polynomial is:
n
Lo(x) = co+ cax + X’ 44 cpx" = Z cix’.
j=0

Polynomial is defined by its n + 1 coefficients ¢;, j =0,...,n.

We want a special polynomial, such that fits the given function values at
the data points:

La(xj) = f(x;), j=0,....n

Hence, we need to find the coefficients that make this possible.
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how to fit a polynomial?

It is a question of substituting the expression
n
Lo(x) =co+ caax+ X% 4 Fepx = Z cixl.
j=0

into the conditions
Lo(xj)=f(x;)), i=0,...,n
arriving at n+ 1 algebraic equations for n + 1 coefficients:

o+ cixo + XG4 - 4 cox§ = F(xo),
o+ Cixp + X2+ -+ cpx = F(xp),

28/53



algebraic problem of polynomial fitting

This can be written in the matrix form as:

1 x ... x§| | f(xo)
1 x1 ... x| |a f(x1)
1 %y ... X7 |cn f(xn)

with the so-called Vandermonde matrix.

Hence, to find the coefficients ¢j, j = 0,..., n, we need to solve this
system, which is not easy for large n due to stability issues.
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Lagrange form of polynomials

The same polynomial
n .
Ln(X) =+ Cx+ sz2 +oFepx" = Z cij.
can also be written in a different form:
Ln(X) = aOLO,n + alLl,n +--- 4+ an n,n Z akLk ns

where aj are the new coefficients and Ly , are the Lagrange basis
functions:

Lin(x) = (x —x0)(x —x1) -+ (x — xp—1) (X — Xkg1) -+ (X — Xn)
n (Xk — XO)(Xk — X1) R (Xk — Xk_1)(Xk — Xk+1) ... (Xk _ Xn)
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coefficients of the Lagrange polynomial
Lagrange basis functions have the remarkable property:

1, ik
Len(x) =6 = 0 ’
fon(xi) = ik {0, i £k

Hence,

ZakLkn XI Zakdlk_al
From the fitting conditions:
Lo(x))=f(x;)), i=0,...,n
we obtain:
aj = f(X,'), i:0,...,n
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Definition: Lagrange polynomial

Given n+ 1 distinct data points x; and n + 1 function values f(x;),
i =0,...,n, the Lagrange interpolating polynomial is the n-th degree
polynomial L,(x) that passes through all function values and has the form:

Lo =Y f0g)Ljn(x),
j=0

where the Lagrange basis functions are given by:

(x = x0)(x — xa) -+ - (x = xk—1) (X — Xue1) -+ (X = Xn)
(xk — x0) (XK — x1) - - - (xk — Xk—1)(Xk — Xk41) - - - (X — Xn)

Lk,n(X) =
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Runge phenomenon
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Theorem: Interpolation error

Let X, ..., X, be the distinct nodes in [a, b], xo < x1 < -+ < x,. Given
the function f € C™1[a, b], let L, be its Lagrange polynomial that equals
f at the nodes. Then, for each x € [a, b] there exists £ € (a, b) such that

f(n+1)(€)

) = Lal) = (x = 0) -+« (x = 30) oy

Proof is similar to the linear (polynomial of degree one) case. This formula
works also for extrapolation.
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Interpolation error

— [fix)-L_{6}(x)|
— [fix)-L_{14}(x)|
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why error grows and what can be done about it?

A (E)

) = Lalo) = (x = x0) -+ (= xa) ooy

@ There is nothing we can do about the factor f("*1)(¢)/(n+ 1)!, and it is
often not very large

@ Apparently, the product (x — x0) - - - (x — x,,) becomes larger at the ends of
the interval, and it has to do with the uniform spacing between the data
points x;

@ This product is uniformly minimized for all x € [a, b] by choosing the
Chebyshev grid on |a, b]:

a+b b-a <2k-|-1
XKk =

k=0,...
> T3 2(n+1)”)’ 0,--com
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Optimizing the factor |(x — xp) - - - (x — x»)|

1le7
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—— |(x — xp)---{x — x14)| for Chebyshev grid
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spline interpolation
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Summary of polynomial interpolation so far

@ Higher-order polynomial interpolation can be done very efficiently
with Lagrange polynomials

@ Higher-order polynomial interpolation on a uniform grid of data
points causes Runge phenomenon, where the error grows towards the
ends of the interval

@ The error can be minimized, if one uses the Chebyshev grid of data
points

@ what to do if you cannot change your data points?
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Piecewise polynomials

@ We want to avoid polynomials of very high degree, but still fit all
n+ 1 data points well

@ Solution is to split the interval [a, b] into sub-intervals, covered by
small groups of data points and interpolate using separate
lower-degree polynomials on each sub-interval

@ Such polynomials defined on adjoint sub-intervals are called piecewise
polynomials
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@ Piecewise polynomial of degree one, s(x) = ¢y + ¢1x, has two parameters,
both of which are used to fit s(x) to the function values at the end of each
sub-interval.

@ Piecewise polynomial of degree two, s(x) = ¢y + c1x + c3x?, has three
parameters. Two will be used to fit the function values. What to do with
the third parameter? Wrong choice may cause sharp corners at the nodes.
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idea of splines

@ Let there be a grid of n+ 1 data points xg, ..., X, and n+ 1 values of
the function f(x) at these points

@ On each sub-interval [xk, xk+1], we define a polynomial si(x) of
degree p

o In this way we define the spline of degree p on [xo, x,] as

so(x), x € [xo0,x1],
S(X) _ .Sl(X), X € [Xl,Xz],

sn—1(x), X € [Xp—1,Xn]1

e We require that all si(x) and their p — 1 derivatives are 'smoothly
connected’ at each node
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Definition: Natural cubic spline of degree three

Let xo < x1 < -+ < X, be the nodes in [a, b] and f(xk), k =0,...,n, the values
of f € Cla, b]. The natural cubic spline of degree three s(x) has the following
properties:

@ On each sub-interval [xk, xk+1], k =0,...,n — 1; the spline s(x) is a
polynomial si(x) of degree three.

@ At the nodes xx, k = 0,...,n; the spline s(x) satisfies:

s(xk) = f(xx), k=0,...,n
Sk(Xk+1) = Skr1(xk41), k=0,....,n—2;
Sk(Xk41) = Sep1(xhr1), k=0,...,n—2;
sk (Xkt1) = Sip1(Xk41), k=0,...,n—2;
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constructing a cubic spline

@ We have the data points x, the function values f(xx), and use the
notation: fi = f(xx) and hx = xk4+1 — Xk

@ We construct s(x) by constructing its pieces sx(x) on all sub-intervals
[xk, Xk-+1]

@ It is common to represent the third-degree si(x) as

Sk(X) = ak(x — Xk)3 + bk(X — Xk)2 + Ck(X — Xk) + di

To find sk(x) we need to find its four coefficients ax, bk, ck, dk

To find the coefficients we use the four conditions from the definition
of the natural cubic spline
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constructing a cubic spline: dy

The first condition is:
Sk(Xk) = fk, k:O,...,n;
Substituting here the expression for si(x), we get:

ar(xk — xk)® + br(xk — x1)? + ck(xk — xk) + dx = fx,

or

dk:fk, kzO,...,n
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constructing a cubic spline: aj

The fourth condition is:

sk (Xkt+1) = Spp1(xkt1), k=0,...,n—2;

Substituting here the expression for si(x), we get:

6ak(Xk+1 — Xk) + 2bx = 6akr1(Xkr1 — Xky1) + 2bkq1,
6hiay + 2b, = 2bk+1

or

1

= 3h,

(bkst — be). k=0,...
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constructing a cubic spline: ¢

The second condition is:
sk(Xkt1) = Skr1(xkt1), k=0,...,n—=2;
Substituting here the expression for si(x), we get:

ak(xk+1 — Xk)3 + bk(Xk+1 — Xk)2 + Ck(Xk+1 — Xk) + di

= ap1(kr1 — Xkr1) F b (X1 — Xkr1)? + Chopr (X1 — Xkr1) + it
hiak + hiby + hic + dk = diy1,

h3
ﬁ(bk—&-l — b)) + hiby + heck + fie = fig
or
foa1 — f h
Cx = SRS i(2bk+bk+1), k=0,....n—2
hy 3
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constructing a cubic spline: by
The third condition is:

sk(xkt1) = Spp1(r1), k=0,...,n—2;
Substituting here the expression for si(x), we get:
3ar(Xer1 — xi)? + 2bk(Xes1 — Xk) + Ck

= Bapr1 (Xk+1 — Xkt1)? + 26kt (k1 — Xkt1) + et
3hak + 2hgbi + ck = Chi1,
302

fis1—fc  h
(bs1 — bi) + 2hyeby + —F2 7K _ ZK(0by + byys)
3hy hi 3

koo — fer1 hkg
pr— - 2
e 3 (2bks1 + bri2),

2 1 2 1
hibyy1 — hibyg + 2hy by — ghkbk - §hkbk+1 + §hk+1bk+1 + §hk+1bk+2
_ fao —fpr fn — i

hri1 hy
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constructing a cubic spline: by

1
hk“) bit1 + 3 hir1bira

2 1 2
(—1hk + 2hy — §hk) by + (hk — §hk + 3

_ ey = fien _ fir1 — fi

hi+1 he
1 2 . e
—hibi 4+ = (hi + hiy1)brrt + = hir1bkio = k2 — Tkt1 Tkl — T
’ 3 3 i1 hy
ficr2 — 1 fir1 — i
hibk + 2(hi + hi1) b1 + heribero =3 ( k+2h 1 k+2;7 k>,
k+1 k
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constructing a cubic spline: by
Now we use the natural boundary conditions:

so(x0) =0, sn_4(xn) =0.
Substituting here the expression for si(x), we get

6ao(X0 — Xo) +2by =0,
bp=0

and

6an—l(xn - Xn—l) +2b,-1 =0,
6hn—lan—l + 2bn—l = 07

6hn—l
b, — b,— 2b,_1 =0,
3hn—1( 1)+ 1
2b, =0,
b,= 0
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constructing a cubic spline: by

bo = 0,

firo — fr1 —
hibi + 2(hk + hii1) b1 + hicyibeo =3 ( k2 = Tkt Tkt k) 7
hk+1 hy

k=0,...,n—2,

is a system of linear algebraic equations that is solved numerically to get
all bx, k =1,...,n— 1. After that all other coefficients of all si(x) can be
computed explicitly.
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Questions

@ Given three data points, xp, X1, X2, and three function values,
f(x0), f(x1), f(x2), write down the Lagrange polynomial explicitly.
e Write down the Lagrange basis function Lp 4(x) explicitly.

@ Suppose you can 'sample’ some function f € C"*1 at n+ 1 nodes of
your choice. Which interpolation method would you chose and why?

@ Suppose you are given n+ 1 fixed nodes and n+ 1 values of an
unknown function f(x) at these nodes. Which interpolation method
would you chose and why?

@ What conditions must be satisfied by the cubic splines?
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