WBMT2049-T2/WI2032TH — Numerical Analysis for ODE’s

Lecture 8

initial-value problems
single-step numerical time integration methods
stability of numerical time integration
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theory of initial-value problems
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Definition: initial-value problem
Find a function y(t) which satisfies

dy
— = f(t <t<b
dt (7.y)’ a— —_ "

Y(a) = Ya,

where f(t,y) is a given function and y, is a given constant — the initial
value of y(t).

v

The notation f(t,y) means f(t,y(t)). For example, f(t,y) = t?sin(y(t)).
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Definition: well-posed initial-value problem

The initial value problem

dy

— =f(t <t<b
dt ( 7y)’ a — — )
y(a) = ya,

is well-posed, if its solution y(t) exists, is unique and depends continuously
on the data, i.e., on a, y, and f.

v
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Definition: Lipschitz continuity

A function f(t,y) is Lipschitz continuous in y on a set D C R? if there
exists a constant L > 0 such that:

|f(t7y1) - f(t>y2)’ < Llyl - Y2|7
for all (t,y1),(t,y2) € D.

The constant L is called the Lipschitz constant.

Here t and y in f(t,y) are considered as two independent variables.
Lipschitz continuity is a stronger requirement than the usual continuity.
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Theorem: Differentiablity and Lipschitz continuity

If the function f(t,y) is differentiable with respect to y and there exists
L > 0 such that

‘%ﬁ;y)‘ <L, forall (ty)eD,

then the function f(t, y) is Lipschitz continuous in y.
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Theorem: conditions for well-posedness of initial-value problem

Let D= {(t,y)|a<t<b,—00 <y < oo} and let f(t,y) be a
continuous function. If f(t,y) is also Lipschitz continuous in y on D, then
the initial-value problem

dy
— = f(t <t<b
it (t,y), a<t<hb,

y(a) = ya,

is well posed.
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idea of the numerical time integration of ODE's
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Example: f(t,y) = f(t) = sin(t)

% =sin(t), 0<t<T,
y(0) =0.

Integrating both sides over t:

i % dt’ = /O sin(t’) dt’,
y(t) — y(0) = [~ cos(t')]g = — cos(t) + cos(0),
y(t) =1 — cos(t).
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Example: f(t,y) = —y?sin(t)

Separating the t and y variables, and integrating both sides:

1
% dy = —sin(t) dt,

/y(f) 1 t ( /) .
—dy = —/ sin(t') dt’,
y(0) y? 0

Y1y(0)
1
—m-l-l:cos(t)— 1
y(t) = 2 — cos(t)
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When analytical methods fail?

f(t,y) = e ¥, integral over t is not known
f(t,y) = tcos(y?), integral over y is not known
f(t,y) = sin(ty?), non-separable equation
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Numerical time integration
@ Split the time interval [to, T] in pieces: [to, t1], [t1, t2], - - -, [tn, T]
Suppose that for each [t,, th+1], ¥(ta) is given. To find y(t,+1) do:

(1)
th1 dy tht1
— dt = f(t dt
/t @ /t (t,y)
tn+1
Wtrs) =yl = [ Fep)et
ty

@ Approximate integral over f(t, y) by a numerical quadrature rule.
© Solve the resulting algebraic equation for y(t,.1).
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elementary single-step time integration methods
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We use notation y, = y(t,), and uniform time stepping t,+1 — t, = At,
n=20,...,N. Single-step methods involve only y, and y,11 in each step.

Forward Euler Method

Single-point numerical approximation of the integral:

thi1
Ynt+1 — Yn = / f(ta}/) dt =~ At f(tnv}/n)
t,

n

Denoting by w, the numerical approximation of y,:

Wn+1:Wn+Atf(tn7Wn)a n=0,1,...,N

9

This is an explicit method, where w1 is directly obtained from w, without the
need to solve an additional equation.
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Backward Euler Method

Single-point numerical approximation of the integral:

tht1
Ynt1 — Yn :/ f(t’y) dt%Atf(tn+la}/n+1)
ty

Denoting by w, the numerical approximation of y,:
Wpi1 = Wy + At f(thy1, War1), n=0,1,..., N

This is an implicit method. The above (possibly nonlinear) equation must be
solved for wyy1 at each time step.
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Trapezoidal Method

Two-point numerical approximation of the integral:

R At At
Ynt1 _Yn:/ f(h)’) dt ~ Tf(tmyn)'f'Tf(tn-i—la}/n-f-l)
t

n

Denoting by w, the numerical approximation of y,:
At At
Wpi1 = Wy + Tf(tn, Wn) + Tf(tn_H, Wn+1), n=20,1,...,.N

This is an implicit method. The above (possibly nonlinear) equation must be
solved for w,y1 at each time step.
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Modified Euler Method

Two-point numerical approximation of the integral:

i At At
Yn41 — Yn = / f(h)’) dt ~ ?f(tmyn) + Tf(thrlv}/nJrl)
t

n

Denoting by w, the numerical approximation of y,:
Wni1 = Wp + At f(ty, wy,), (predictor step)
At At
Wnt1 = Wy + 7f(tn7 Wn) + 7f(tn+lawn+1), (corrector step)

First, forward Euler method is used to predict w,.1. Then, a corrected value
W,41 is obtained with the Trapezoidal formula. This is an explicit method, since
f(tnst1, Wpe1) is known, if W, q is known.
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stability of initial-value problems
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Consider the problem

d
d—izf(t,y), t>to; y(0)=yo

and its perturbation:

4y _

i f(t,y), t>to; 7(0)=yo+ eo,

where ¢g is the error in the initial data. The difference between the
solutions is defined as:

e(t) = y(t) — y(¢)

This is the error due to the perturbation of the initial data.
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Stability of initial-value problem

The initial value problem is called stable if
le(t)] < oo, forall t> to,
and absolutely stable if

lim |e(t)] = 0.

t—o0

If |e(t)| is unbounded the problem is unstable.
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Stability of the test equation

Let (t,y) = Ay(t) + g(t). Then, the so-called test equation is:

d
d_‘);:)\y—i_g’ t>t0v Y(O):}/Oa

and its perturbation:

dy

o Ay +g, t>ty; y(0) =y + eo.

The difference €(t) = y(t) — y(t) satisfies its own initial-value problem (why?):

d
d—: =Xe, t>tg; €(0) = e,
which can be solved as (how?):

e(t) = eoet1),
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Stability of the test equation: real and complex cases

Perturbation €(t) of the solution of the test problem evolves as:

e(t) = epet1),

@ Let A € R. Then, the test problem is stable if A < 0, absolutely stable if
A < 0, unstable if A > 0.

@ Let A e C, ie., A =Re(A) + iIm(A). Then,

|6(t)| — eoe(Re(AH—iIm()\))(t—tg) eiIm()\)(t—tg)

= el )eRe()\)(t—to)

— |60|6Re(>‘)(t_t0),

and the test problem is stable if Re(\) < 0, absolutely stable if Re(A) < 0,
unstable if Re(A) > 0.
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stability of numerical time integration methods
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Numerical solution of the test equation: FE Method

Forward Euler Method for the test equation:
Wnt1 = Wy + At (Aw, + gn) = (1 + AAt)w, + At g, wo = Y.
Forward Euler Method for perturbed test equation:
Wni1 = Wn + At (AW, + gn) = (1 + ANAL) W, + At gn, o = Yo + €0
Numerical approximation of €(t,), i.e., €, = W, — w,, satisfies:

€nyl = (1 + )\At)gn, €0 = €.
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Numerical solution of the test equation: BE Method

Backward Euler Method for the test equation:

Wni1 = W, + At ()\Wn—i-l + gn+1)7 wo = Yo,
1 AtgnJrl _
1A T 1A M

Wpt1 =

Backward Euler Method for perturbed test equation:

1 ~ At gni1 .
1_)\Ath+ T \A Wo = Yo + €0,

VT/n+1 =

Numerical approximation of €(t,), i.e., €, = W, — w,, satisfies:

_ 1 _ _
€ = ————¢€ €0 = €.
n+1 1 \AT ns 0 0
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Amplification factors of single-step methods

For all single-step methods the numerical approximation of the perturbation has

the form:
En+1 = an
with the following amplification factors:

Q =1+ XAt, (Forward Euler)

1
= — Back Eul
Q TAT (Backward Euler)
1+ i\At
Q= %, (Trapezoidal)

Q=1+ MAt+ %(Am){ (Modified Euler)
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Stability of numerical methods for test equation

Since
= — n
€1 = QE, = Q"eo,
and

[en+1] = [Q€o| = [Q||eal,

a numerical method is stable, i.e. |€,| < oo for all n=0,1,...

QI <1,
absolutely stable, i.e. lim,_, [€,] =0, if

QI <1,
and unstable, i.e. |€,| is unbounded, if

Q| > 1.

,if
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Stability condition for the Forward Euler Method

Assume that the initial-value problem is absolutely stable, i.e. A < 0 or

A= —|A| and |A| > 0. Then, the Forward Euler Method, Q@ = 1 + A\A¢, is
stable if:

QI <1,
~1<Q <1,
—1<14MAL <,
—1<1-|NAt< T,
—2< —|\At <0,

2
0 <At < 3

Stability condition: At < 2/|\|.
Forward Euler Method is only conditionally stable.
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Stability of the Backward Euler Method

The Backward Euler Method's amplification factor is @ = 1/(1 — AAt).
With A = —|)\|, |A] > 0, we have:

This holds for any At > 0.
Backward Euler Method is unconditionally stable.
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Stability of general problems
For a general f(t,y)

d
d—i =f(t,y), t>to; y(0)=yo,

consider the Taylor series around £ and §:

~ . Of(E9 .\ Of(t,y
() = F(E9) + L0y - gy 20

=Xy +g(t)+ Gy - 9)

(t— 1)+ Gt — ) + Gy — 9)?

Neglecting Go(y — §)?, this can be reduced to the test equation with
f(t,y) = Ay + g(t) and

of ., .

ay( 2 ¥)-
Approximate (local) stability condition A <0, i.e., g—;(f, y) <0, depends on
(£,9).
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Example: analytical stability
Consider the initial-value problem

Z)t’_—my +20, t>0; y(0)=0.

This is a separable equation with the analytical solution:
et20v2 _ 1
y(t) = et20v2 4 1
Linearization (first two terms of Taylor series) of f(t,y) around (£, y):
0 N
~10y? +20 = —109% + 20 + oy (-10y* +20)|  (y—9)+0O(y —9)%)
y=y
= —109% +20 — 209(y — ) + O((y — 9)*)
=y +g(t) + Oy = 9)%),
where
A= —20y.
The problem is locally stable (A < 0) for y > 0.
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Example: numerical stability of the FE method

Applying the Forward Euler method with w; denoting the numerical
approximation of y;:

wo = 0,
wip1 = w; + At (—10w? +20), i=0,1,...
Stability condition on At for the FE method:

2 2 2 1 1
At < _

—_— = < =
“ Al 20[9] T 20max. |y(t)]  10v/2max, |tanh(ty/300)]  10v/2

In general, y(t) is not known, and a stable At is obtained experimentally
(educated trial and error). Instability is easy to spot.
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stability condition: At < 0.071

1.75 1
1.50 - /\ /\
1.25 1 \/ \
1.00 +
0.75 1
0.50 4
—— y FE method, At=0.071
0.25 4 —— y FE method, At=0.079
—— y FE method, At=0.014
0.00 1 — yexact
T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5

time
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global error (RMSE)
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Questions

@ Derive the amplification factors for the Trapezoidal and Modified
Euler Methods applied to the test equation.

@ Study the stability of the Trapezoidal and Modified Euler Methods for
the test equation, either deriving the stability condition on the time
step At or showing that the method is unconditionally stable.
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