WBMT2049-T2/WI2032TH — Numerical Analysis for ODE'’s

Lecture 9

local truncation error of single-step methods
global truncation error, consistency and convergence
higher-order methods
Richardson error estimates
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local truncation error
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Definition: local truncation error

Let y, = y(tn) be given and yp+1 = y(tn+1) be the exact solution of the
initial-value problem at t,;; and z,;1 its numerical approximation starting
with the known z, = y,. Then, the local truncation error 7,11 is defined
as:

Yn+1 — Zn+1
TR

where At = t,4 1 — t.

v

This is the error over a single step of a numerical method with exact initial
data, relative to the step length At.
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Local truncation error for the general case y' = f(y, t)

For simple, explicit numerical time-integration methods (Forward Euler, Modified
Euler), it is possible to derive the order of 7,1 with a general f(y,t) by
expanding y,+1 and z,y; into Taylor series
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Local truncation error of the Forward Euler method

- f(tv.y)a tn S t S t,~,+17
y(tn) = ¥n

Forward Euler method proceeds as:
W1 = Wy + At f(ty, wy), n=0,1,...
Let w, = y,, then:
Zni1 = Yo+ At f(tn, yn)

For the exact y,11 we use the Taylor series:

y'(§)
2

v
Yn+1 ZYn+yr,;At+ (At) =Ynt f(tnaYn)At+ 2(5) (At) e (t,,,t,,+1)

The local truncation error is:

Yni1 = Znt1 Y'/(E)A

Tnt+l = At = > t, £€ (tn, tn+1)'
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Local truncation error of the Modified Euler method
Modified Euler method proceeds as:

W1 = Wy + At F(t,, wy),

Wpi1 = Wy + %f(tn, wy) + %f(tm,wm)
Let w, = y,, then:

Znt1 = Yo + At f(tn, yn),

Znt1 =Yn+ %f(tm}/n) + %f(thrlaEM»l)
For the exact y,1 we use the Taylor series with one extra term:

Yoir = vo Vit 22 (02 4 O((A1))
and the facts that

Y = f(tn, yn);
_ord
oy, Otdt

of dy

L ofdy _of
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+ f(tnayn) a,

d
"
Yn = _f(tvy)
dt t—t, dy

t=t,
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Local truncation error of the Modified Euler method

For the numerical solution we expand f(t,4+1,Z,+1) in the Taylor series over both
variables, denoting f, = f(tn, yn):

f(t"+1,2n+1) = f(t,, + Atvyn + At f(tmyn)) = f(t" + Atvyn + At fn)

of of 1 9°f 5
=f,+ 5 . At + 8_y y:y,,At f, + 52 . (At)
1 9%f O*f
+- — (At f,)* + (A1) f, + O((At)?)
2 a‘y2 Y=Yn 6‘y8t Y=Yn,t=tp
=fo+ of At + of At f, + O((At)?)
at t=t, a'y Y=Yn
of of
:ft" n At| - ftnan_ At2
(0, i) + (attzﬁ ( y)aytzt)w(( )
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Local truncation error of the Modified Euler method

Hence, numerical solution z,.; produced by the Modified Euler method can be
written as:

At At _
Zny1 = Yo+ Tf(tm)/n) + Tf(tn+lazn+1)

At
=Ynt+ Tf(tna)/n)

At of of
+ = f(tn,yn) + At [ — + F(tn, Yn) — + O((At)?
> (( Yn) (at — ( )/)ay t:t,,> (( ))>
1/( of of
= Yo+ F(tn, yn) At + = | =— + f(tn, yn) — At)? + O((At)?
y (tns ¥n) 2<6tt_t,, ( Y)ayt_t")( ) ((At)*)
and the exact solution y,1 is
1 /[ of of
n = Yn f n nA =\ = nyYn) = At2 O At?’
Yor1 = Yo + (tn, Yn) t+2<3tt_tn+f(t’y)5yt_tn>( )"+ O((At)?)
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Local truncation error of the Modified Euler method

Therefore, the local error is:

—Zoa 3y 3 3 )
s = Yot~ Znis_ OB) ~ OUAP) _ OUAP) _ o

Hence, the Forward Euler method is O(At), whereas the Modified Euler method
is O((At)?).
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Local truncation error for the test equation y’ = \y

For any single-step numerical time-integration method with a known amplification
factor @, it is possible to derive the order of 7,1 with f(y,t) = Ay by expanding
Yn+1 and Q in Taylor series
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Local truncation error for a test equation

Y =Xy, ty St <t
y(tn) = ¥n
The exact solution at t,1 is
Yni1 = ype Bt
Any single-step numerical method, including implicit ones, can be written as:
Whi1=Qw,, n=01...

where Q(AAt) is the aplification factor of the method. Let w, = y,, then the
numerical solution is:

Znyl = Q}/n
and the local truncation error is:

o Yei—Znn yae At — Qy, Mt — Qy
il At At INER
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Local truncation error for a test equation

Expanding the exponent in its Taylor series:
et =14 \AL + 1(AAt)2 +o= i l(mt)k
2
we get
e)\At _ Q Vi & 1 P
Thn+l = A—ty" = A_t Z F()\At) — Q

This general expression was derived for the test equation with f(t,y) = Ay and is
valid for any @, i.e., for any single-step numerical method.
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Local truncation error of Backward Euler method

Aplification factor of the Backward Euler method is:

1
Q= 1 - \At
Expanding it as the Taylor series:
1 o0
T AL =14 MAt + (\AL)? ;)\At

we get (how/why?)

k=0
= O(At)

Yn 1 k kY _ ¥n o 1 k k
Tat1 = 2 <Z AN~ (A ) N (; L1 (AA)T = (AAL) )

The Backward Euler method is O(At) for the test equation.
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Convergence of the method and its global truncation error

To investigate convergence and derive the order of the global truncation error, it
is sufficient to know the stability properties of the method and its local truncation
error Tpi1
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Definition: global truncation error

The global truncation error e,+1 is defined as the difference between the
exact solution y,y1 at t,+1 and its numerical approximation wy1:

€n+1 = Yn+1 — Wnp41,

where wg = yp.

This is the error at a fixed time instant, which could be many steps away
from tp.
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Definition: consistency
A numerical time-integration method is called consistent if

lim 7,,1 =0
At—o T ’

where 7,41 is the local truncation error. A method is called consistent of
order p if

Tnt1 = O((At)P)
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Definition: convergence
A numerical time-integration method is called convergent if

lim e 1:0
At—0 nt ’

where T = (n+ 1)At is a fixed time instant and e,41 is the global
truncation error. A method is called convergent of order p if

eni1 = O((AD))

A convergent method means that the numerical solution converges to the
exact solution as At — 0.
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Theorem (Lax): equivalence

If a numerical time-integration method is stable and consistent, then the
method is also convergent. Moreover, the global and local truncation
errors have the same order.

Proof for the test equation is in the book.
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Studying convergence of a method

Studying the convergence of a numerical time-integration method means
establishing the conditions on At when the method converges and the rate at
which it converges (order of convergence). You should be able to do it for the
test equation as follows:

@ Derive the amplification factor @ of the method.

@ Use Q to derive the stability condition of the method in the form:
0 < At < M. For unconditionally stable methods: 0 < At < co.

© Use Q (or its Taylor series) and the test equation to derive the order p of
the local truncation error, 7,41 = O((At)P).

@ Use Lax Equivalence Theorem to conlcude that, for 0 < At < M, the
method is convergent with order p, i.e., ep11 = O((At)P).
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Studying convergence of a higher-order Runge-Kutta method
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Runge-Kutta (RK4) method

The RK4 method proceeds as follows:
ke = At f(tn, wp),

1 1

2
ky = At f (t, + At,w, + k3),

1 1
ks = At f <t,, + EAt’ wp + —kz) )

1
Wni1 = Wp + g(kl + 2ky + 2kz + ka).
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Amplification factor of the RK4 method

To compute the Q-factor, we can simply apply the method to the test equation:
y =y
with f(t,y) = Ay as follows:

ki = At Aw,,

1 1
= At (W,, + §AtAwn) = At \w, + §(At/\)2 W,
1 1 )
ks = At )\ 5 At dw, + E(A”‘) Wi
1 2 1 3
= AtAw, + E(At A w, + Z(At)\) Wp,

1 1
ky = At X <W,, + At Aw, + = (At A)? w, + —(At A3 W,,)

2
= At w, + (At w, (At A3 w, 4 - (At)\)
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Amplification factor of the RK4 method

1
+ 6(/(1 + 2ko + 2ks + ku)

= Wy + '% [At)\+2 (AtA+ S(BtX) >

Wniy1 = Wy

1 1
+2 (AtA +5(At )2+ 2 (At )\)3)
+ AtA+ (At N)? + %(At )+ %(At A4
= W+ [6At>\ +3(ALA)? + (AEA) + %(At A)“}

= {1 + At + 2(At/\) (At/\)3 + i(Am)“] Wa

6 24

Hence, the amplification factor of RK4 is

Q—1+At>\+2(At)\) (At)\)3+2—14(At>\)4

6
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Stability of the RK4 method

We assume that the test problem is stable, i.e., A = —|\| < 0. RK4 is stable if
|Q| < 1. Denoting x = At ), this can be written as

1., 1 1
1 S I3t <1
FXA G G X

1 1 1
-1<1 x4+ =Xt <1
< —I—X+2X +6X +24X <
Left inequality is always satisfied. Considering the right inequality we get:

1 1

2 3 4

- - 3t <
x—|—2x—|—6x—|—2x 0

1 1, 154
— — — <
x<1+2x+6x +24x)_0

1 1, 14
x4+ = —x3>
1+2x+6x +24X >0

since x = —|A|At < 0 for At > 0.
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Stability of the RK4 method

Looking separately at the polynomial

1 1 1
P -1 = -2 3
(x) + 2x—|— X —|——24x

we can show that the sign of P(x) changes around x =~ —2.8:

P(x) <0, x<—2.8,
P(x) =0, x~-28,
P(x) >0, x> -28

Hence, the approximate stability condition can be derived from x > —2.8:

—|A\|At > -2.8
2.8

0<At< —
Al

Is it better or worse than the stability condition for the Forward Euler method?
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Local truncation error of the RK4 method

The error is established for the test equation:

n [ = 1
o= (S s —o)

k=0
0 (S L oank 1o aea L 2_1 s_ L 4
= <kz=o GBS — 1= AtA = Z(AtA) — Z(ALA) = (At))

Yn 5\ _ 4
= 5;0(0A°) = 0((at)?)
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Global truncation error of the RK4 method

© The method is stable for 0 < At < 2.8/|)|
@ The local truncation error 7, = O((At)*)
© Since lima¢_g 7, = 0, the method is consistent of order p = 4.

@ Hence, by the Lax Equivalence Theorem, for 0 < At < 2.8/|)\|, the
RK4 method is a convergent method of order p = 4.
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Estimating global error by Richardson's extrapolation
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Richardson’s global error estimate

The main assumption is that the global error e(t, At) = y(t) — w,(At), where
t = n/AAt, behaves like:

e(t, At) = c,(t)(At)" + O((At)PHY)
Computing the numerical solution at t with At, At/2, and At/4, we get:
y(t) = wa(At) = p(t)(AL)?,
y(t) = wan(At/2) = 65(t)(At/2)" = cp()27P(At)?,
y(t) — wan(At/4) = cp(t)(AL/4)P = cp(t)27P27P(AL)P.

wa(At) — wan(At/2) = 6o(t)(A)°(27F — 1),
Won(At/2) — wan(At/4) = cp(t)(At)P27P(27P — 1).
Hence, we can now estimate both the order p and the constant c;:
won(At/2) — wan(At/4)
wi(At) — won(At/2)
wp(At) — wa,(At/2)
(Do P —1)

2P =

cp(t) =

T



Richardson’s extrapolation (improvement of the solution)

Since:

e(t, At) = y(t) — wo(At) = p(t)(AL)? + O((At)**)

and having estimated p and ¢,, we can now extrapolate (improve) the numerical
solution w,(t) as:

y(t) = wa(At) + co(t)(AL)° + O((At)*H).

@ w,(t) is an O((At)P) approximation of y(t)
@ w,(t) + ¢,(t)(At)P is an O((At)P!) approximation of y(t)
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Questions

@ Study the convergence of the Trapezoidal method:

@ what theorem and definitions are used to establish the convergence of a
method?

@ is the method consistent?

© is the method stable? if so, for which range of At's?

© does the method converge? if so, for what range of At's?

© what is the order of convergence (order of the global error)?

@ Extrapolate a numerical approximation of the solution obtained with any
time-integration method to a higher-order approximation using the
Richardson method

@ assume that w,(At) is the numerical approximation of the solution
y(t) of a differential equation obtained with the Trapezoidal method
what is the main assumption of Richardson's method?

what calculation steps are required to estimate p and ¢,?

how can one extrapolate (improve) w,(At)?

what is the order of the obtained extrapolated numerical
approximation?
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