WBMT2049-T2/WI2032TH — Numerical Analysis for ODE’s

Lecture 10

Systems of ODE'’s
stability of initial-value problems for systems
numerical integration methods for systems
stability of numerical methods for systems
local and global truncation errors for systems
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systems of ordinary differential equations
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Systems of ODE's in vector notation
Let there be m unknown functions y;(t) satisfying m initial value problems:

yj{:fj(tayla-"aym)a t > to;
¥j(to) = ¥j.0i

j=1...,m

Introducing the vectors y, f € R™:

Y1 Y10 ﬂ(t7y1a"'7.ym) ﬁ.(t7y)

Y2 Y20 fZ(tay17"'a.ym) f2(t7y)
y=|.|, o= .|, f= : - :

Ym Ym,0 fm(tv}/h-“v}/m) fm(tay)

The system of ODE’s can be written as

y' =f(ty), t>t;
y(to) = yo.

—

On paper you write y, f(t,y) or y, £(t,y) when you work with vectors.
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Systems of ODE's arising from higher-order ODE'’s

Consider an initial-value problem for the second-order ODE:

¢// = f(t7¢7¢/)a t Z tO;
d(to) = o,
¢'(to) = .
Instead of looking for the unknown function ¢(t) we can look for the pair of
unknown functions y;(t) = ¢(t) and y»(t) = ¢'(t), putting them in a single

vector as:
0= (53] = [afe) =[] Do) -
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Systems of ODE's arising from higher-order ODE'’s
Taking the derivative of this vector we get the system of two first-order ODE's:
y_d ) _d[e] _[¢]_[ ¢
dt |y2] — dt |¢/ ¢" f(t, ¢, ¢')

() = B = [afe)] =

Hence, in the componentwise notation this system of two ODE's can be written

as:
din|_ y2 yi(to)| _ [%]
dt |y f(t,y,y2)] " |ye(to) b0
The shorthand (vector) notation is:

y' =f(ty), y(t)=y
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Example: mathematical pendulum

Dynamics of an idealized pendulum is described by the initial-value problem for
the second-order ODE:

Y" +sin(y) =0, t>0;
¥(0) = v,
'(0) = 0.

Introducing new unknown functions yi(t) = 1(t) and y»(t) = ¢’(t), we rewrite
this problem as an initial-value problem for the system of first-order ODE’s:

y =f(ty), t>0;
y(o) = Yo,

where
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Example: linear second-order problem

A special case is the initial-value problem for a linear second-order ODE:

X"+ b +cx=g, t>0
x(0) = xo,
x'(0) = x§.
Introducing new unknown functions yi(t) = x(t) and y»(t) = x'(t), we rewrite

this problem as an initial-value problem for the system of first-order ODE's. To
construct the system, proceed as follows:

Y1 = Yo,

, , c b 1
ay, +bytcyi =g, & y= - Lretg

7= = Lo e ] - (2500 1
=[5 ARl e 2= 4] 6= [3]
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stability of the test problem
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Test problem and its perturbation

The test problem is:
y=Ay+g, t>0
y(o) = Yo,

where the matrix A € R™*™ is constant in time. Perturbing the initial condition
we get:
y=Ay+g t>0
¥(0) = yo + €o.
Let e(t) = y(t) — y(t) be the perturbation. Then, it satisfies the problem
€ =Ae, t>0;
€(0) = €.
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Diagonalizable system matrix

€ =Ae, t>0;
€(0) = €.

Assume that the matrix A is diagonalizable, i.e., that there exists an invertible
matrix V such that:

A= VAV~ v7lAav = A
The matrix V € R™*™ has the eigenvectors v; as columns:
V=1[w ... vy

and the diagonal matrix A € R™*™ has the corresponding eigenvalues ); as its
diagonal elements:

M O ...0
0 X ...0
N =
0 .. Anm

The eigenvector-eigenvalue relation is Av; = \jv;.
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Solution with diagonalizable system matrix

To solve

€ =Ae, t>0;
€(0) = eo,

introduce the representation of €(t) via the eigevectors of A as:
e(t) = Vn(t)
Substituting we get:

Vn' = Avn, t>0;
V'T]o = €.

Multiplying by V=1 on the left we arrive at:

n' =An, t>0;
Mo = V_leo.
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Solution with diagonalizable system matrix

The system

n'=An, t>0;
Ny = Vﬁleo.

is uncoupled, i.e. all ODE's:

m = A, m(0) =m0,

77;11 = AnTm, 77m(0) = 1m,0,

can be solved individually as:

m(t) = noe™t,

nm(t) = 77m706)‘"'t'
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Solution with diagonalizable system matrix

In matrix notation this can be written as:

n(t) = exp(At)no,

where
exp(A1t) 0 ...0
exp(AL) = O exp(Aat) ...0
6 .. exp(Amt)

Multiplying with V on the left and using 179 = V ~1€y we obtain the solution:

€(t) = Vexp(At)V e

T



Evolution of the perturbation
Solution

€(t) = Vexp(At)V te

can also be expressed as:

m
e(t) =) ai(t)y;,
j=1
where the coefficients «(t) have the form:
aj(t) = e,
with 3; being the j-th element of the vector Ve,
If the matrix A has at least one eigenvalue A; with a positive real part:
Re()j) >0,

then the coefficient «(t) will grow exponentially in time.

™ = = — e
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Definition: Stability of the test problem
The test problem

y=Ay+g, t>0
Y(O):.YO,

with the diagonalizable matrix A is stable with respect to the perturbations in the
initial condition, if the eigenvalues \; of A satisfy:

Re()j) <0, forall j=1,...,m;
and absolutely stable if
Re()\j) <0, forall j=1,...,m.

If, for some j, Re(\;) > 0, the problem is unstable.

e



Example: investigating stability of a problem
Condsider the problem:

y' = Ay, t>0;
¥(0) = yo,

0 1
a a

To study the stability, compute the eigenvalues of A, e.g., as roots of a
polynomial equation:

det(A — M) = det <[_°_ _15} _ [é g]) = det ([j b AD

— (=) <_§—A)—(1)(—g) =A2+§)\+§=0

with the system matrix

N —b++Vb? —4ac
1=
’ 2a

TV



Example: investigating stability of a problem

Since
—b++/b? —4ac
Mas

stability of the problem depends on the values of a, b, and c.

alb|c A1 Ao stability
11210 0 -2 stable
112 |1 -1 -1 absolutely stable
110 |1] 0+ 0—1i stable
1|2 2| —-1+i| —1—1i| absolutely stable
11-210 2 0 unstable
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stability of general problems
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From Lecture 4: stability of general scalar problems
For a general f(t,y)

d
d—i =f(t,y), t>to; y(0)=yo,

consider the Taylor series around £ and §:

o, Of(E,9)
(y—y)+ 5t

.~ OFf(E,y
f(t7y) = f(tay)+ %

=Xy +g(t)+ Gy -9

(t— 1)+ Gt — ) + Gy — 9)?

Neglecting Go(y — §)?, this can be reduced to the test equation with
f(t,y) = Ay + g(t) and

of . .

ay( . ¥)-
Approximate (local) stability condition A <0, i.e., g—;(f, y) <0, depends on
(£,9)-
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Stability of general vector problems

For a general f(t,y)
y'=f(t.y), t>t; y(0)=y,
the Taylor series around £ and y looks like:
f(t.y) = J(E.9)y +g(t.£.9) + Oy - 3I),

where the Jacobian matrix J € R™*™ is defined as:

ofi  Ofi Ofi
5 P 3
o o8 3%
NN oy1 Oy, " OYm NN
JEy) =" (&)
oy O O
Oy1  Oy2 OYm
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Definition: Local stability of a problem

The initial-value problem

y =f(ty), t>0;
y(O) = Yo,

is stable at (£, y), if the eigenvalues \; of the Jacobian matrix J(£, ) satisfy:
Re()\j) <0, forall j=1,...,m;
and absolutely stable at (t,y) if

Re()\j) <0, forall j=1,...,m.

If, for some j, Re()\;) > 0, the problem is unstable at (£, y).

Stability properties of a dynamical system may change along its trajectory, since
both J and its eigenvalues depend on (£, §).

Typically, stability is investigated around equilibrium points, where y’ =0, i.e.,
f(t,y)=0.
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Example: competing species

The population densities y;(t) and y»(t) of two competing species satisfy:

{Y{ =yi(l—=y1— ),

) t > tp.
ys = y2(0.5—0.75y;1 — 0.25y»),

To study the stability of this nonlinear problem, compute the Jacobian matrix
J(y1. y2):

o o
Jny) = | 5 2y (1= y1 = y2)) , 2y, (1= y1 = y2))
a—yl(yz(O.S —0.75y1 — 0.25y,)) 6_}/2(}/2(0'5 —0.75y1 — 0.25y,))
_1=-2n—-y ¥
075y,  0.5—0.75y; — 0.5y,
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Example: competing species

Consider, for example, the point (91, ») = (1.5,0):

~ [1-2(1.5) - (0) -1.5 _|—2 -15
J(1.5,0) = [ —0.75(0) 0.5 — 0.75(1.5) —0.5(0)] - [0 —0.625]

Compute the eigenvalues of J(1.5,0):

det ([_20_ N AD — (—2— A)(~0.625—\) =0

The eigenvalues are:
A1 =-2, X\ =-0.625

Since A1 < 0 and Xz < 0, the problem is absolutely stable at (1.5,0).
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Summary: Stability of systems of ODE’s
@ Stability is always studied on the linear test system of the form € = Ae.
@ For general systems y’ = f(t,y), stability is studied around some point

(£,y) on the linearized test system € = J(£, y)e, where J(£,y) is the
Jacobian matrix at (£, ).

@ To study the stability, you need to calculate the eigenvalues of A or J(£,¥)

@ Stability of the system depends on the sign of the real part of the
eigenvalues. The presence of just one eigenvalue with a positive real part
means instability of the whole system.

@ When stability is studied at some point (£, §), one can determine the type of
this point (stable node, stable/unstable spiral point, circular point, etc)

o
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numerical integration of systems of ODE's
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Numerical integration is applied componentwise

y' =f£(ty),
thi1 y/ dt ffn+1 fl(t7y) dt

ty 1 tn

thi1 tht1
th ft:n+1 yr/n dt j‘t:nJrl fm(t’ y) dt th

th1
Ynt1 = Yn = / f(ty)dt,
ty
tht1
yn+1:yn+/ f(t’y)dt7
ty

Yo =Yn+ Y auf(te, yi) + O((AL)P),
k=1

m
Wpi1 = Wy + Zakf(tka Wk)a
k=1
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Common methods

Forward Euler
Whi1 = w, + At f(t,, wy)
Backward Euler
W1 = w, + At f(tp41, Wny1), and solve for wyiq

Trapesoidal
At At
Woi1 = w,+ 7f(t"’ w,) + Tf(t,H_]_, W,11), and solve for w4
Modified Euler

Woi1 = Wy, + At f(t,, w,), predictor

At At
Wpi1 = W, + Tf(tna w,) + 7f(tn+1,Wn+1)7 corrector
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Runge-Kutta (RK4) method

ki = At f(tn, wy),

ko = At f(t, + At/2, w, + k1 /2),
ks = At f(t, + At/2, w, + ko /2),
ky = At f(t, + At, w, + k3),

1
Wpi1 = w, + E(kl + 2k + 2ks + k4)

I



Example: simulating mathematical pendulum with FE method

Applying the Forward Euler method to the initial-value problem
y'=f(ty), t>0
y(O) = Yo,

we get iterations

wo = Yo,
Whi1 = w, + At f(t,w,), n=0,1,...

For the mathematical pendulum with f(y1,y2) = [y2,sin(y1)] " this means:

wio = Yo, Wwao =0,

w w w

Lotly — | Lol LA ] 2T ] n=0,1, ...
W2 nt1 W2.n Sln(Wl,n)
{Wl,n+1 =wn+ Atwy,

. n=20,1,...
Wony1 = Wa, + At sin(wy,),

e



Example: integrating linear systems with FE method

Linear second-order ODE's and many other lead to the systems of the kind:

y'=Ay+g, t>0
y(0) = yo.

If the matrix A € R™*™ does not depend on time, then the Forward Euler
method will produce the iterations:

wo = Yo,
Whi1 = w, + At (Aw, + g,) = (I + At A)w, + Atg,, n=0,1,...

where [ is the identity matrix.
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Example: integrating linear systems with BE method

The Backward Euler method will produce iterations:

wo = Yo,
W1 = w, + At (Aw,y1 + 8141), n=0,1,...
This is equivalent to:
wo = Yo,

[l — AtAlw,1 = w, + At g1, n=0,1,...

Hence, to find w,,1, a system of linear algebraic equations must be solved at
each time step. If the matrix [/ — At A] is invertible, formally, we can write:

Wo = Yo,

Woi1 = [l — At A7 w, + Atgyi1), n=0,1,...

G



stability of numerical methods for systems of ODE's
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Test equation for numerical methods

Stability of numerical methods is studied on the test equation:
y' =Ay+g, t>0
¥(0) = yo,
and its perturbed version:
j=Ajte t>0
¥(0) = yo + €o.
The perturbation €(t) = y(t) — y(t) obeys:

!

€ =Ae, t>0;
€(0) = e,

For general problems, stability is studied around some point (£, ). In which case,
A=J(E9).

R SR T=r=r Ta— e



Amplification matrix

To investigate the stability of a numerical method that produces approximations

w,, for y,, the method should be applied to the problem:

€ =Ae, t>0;
€(0) = e,

and written in the form:

Wn+1:QWn7 n:0,1,...

where Q € R™*™ is the amplification matrix of the method.
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Example: amplification matrix of the FE method

Applying the Forward Euler method to
€ =Ae, t>0;
€(0) = e,
we get:
Whi1 = w, + At Aw, = [| + At Alw,,.
Hence, the amplification matrix of the Forward Euler method is:

Q=1+AtA

For implicit methods, invertibility of certain matrices must be assumed.

o



Amplification matrices of common numerical methods

Method Amplification matrix Q
Forward Euler I+ AtA
Backward Euler [l — At A?
Trapezoidal (1= 18t A] 7 [1 4 1At A
Modified Euler I+ AtA+ B2
Runge-Kutte (RK4) | |+ At A+ B0 42 4 (A0 3 (A07 p

e



Amplification matrix and stability

Since
Wpi1 = Qw, = Q"wy, n=0,1,...

we intuitively expect a stability condition of the form ”|Q| < 1”, but this time for
the matrix Q.
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Diagonalizable amplification matrices

Assume that Q is diagonalizable, i.e., that there exists an invertible matrix V/
with the eigenvectors v; of Q as columns, such that @ = VA V!, where A is the

diagonal matrix with the eigenvalues S\J- of Q as its diagonal elements. Then
(why?),

wy1 = Q"wy = (V/ﬁi\/il)nwo = VA" V71W0

This can also be written as:
m m
in
Woir =) iy =Y b,
Jj=0 Jj=0

where b; denotes the j-th element of the vector V ~lwy.

To keep wp41 bounded as n — oo, the magnitudes of all o;'s and therefore the
magnitudes of all ;\}"s should be bounded.

o



Definition: Stability of a numerical method for a system of ODE'’s

Let a numerical methgd have the diagonalizable amplification matrix @ € R™*™
with the eigenvalues );, j = 1,..., m. Then, the method is stable if:

Nl <1, forall j=1,....,m;
absolutely stable if
| <1, forall j=1,...,m;

and unstable if

IA\j| >1, forany j=1,...,m.

It is important to understand the difference between ‘for all’ and 'for any’ here.
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Example: Stability of the FE method

The amplification matrix of the Forward Euler method is:
Q=1+AtA

Let \; be the eigenvalues of A. Then, the eigenvalues of Q are (why?)
N =1+At)

Let \; = A} + /X7, where A} = Re();) and A7 = Im();). Stability condition
becomes:
Nl =1+aty <1,
1+ At N+ iAt N[> <12,
(L+AtX)* + (AtA)? <1,
142X A8+ (M) + (A)))(At)* <1,
At (22X + [\j[?PAt) <0, forall j=1,....m.
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Example: Stability of the FE method

To satisfy the condition:

At (2X 4+ |NPAL) <0, forall j=1,....m;
assume that At > 0. Then,

2X: + \jPAt <0, forall j=1,...,m;

Now, recall that the test problem is absolutely stable if Re();) < 0, i.e.,
A= —|Aj|, and [A}| > 0. Assuming that the test problem is absolutely stable,

—2[N|+ [NPAr <0, A <0;
INPAE < 2\,
2|X]] 2| ]|

At< 2 :
NP2 T P+ (97

forall j=1,...,m;

The Forward Euler method for stable systems of ODE's is only conditionally
stable.
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Example: Stability of the BE method
The amplification matrix of the Backward Euler method is:
Q=1[—-AtA™
Let \; be the eigenvalues of A. Then, the eigenvalues of Q are (why?)
~ 1
)\j T 1-— At )\j

Let Aj = A} + i)/, where A\l = Re();) and A} = Im(J;). Stability condition
becomes:

v
11— AtN| —
1< 1= AN —iAt N/,
1< 1= AN — iAt N,
1< (1= AtX)* + (At A])?,
1 <1-2At X+ [A\P(Ar)?,
20t N, < |NP(AL)?, forall j=1,...,m.

|5‘J| = 1,

Y



Example: Stability of the BE method

To satisfy the condition:
20t N < [N P(AL)?, forall j=1,....m;
assume that At > 0. Then,
2M; < |NjPAL, forall j=1,...,m;
For stable test problems with A} = —|);| <0, the inequality

=2[N| < [\jPAE, forall j=1,....m;

is satisfied for any At > 0, making the Backward Euler method unconditionally
stable when applied to stable systems of ODE's.
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Stability diagrams

On p. 90 of the book there is Figure 6.4 that shows the regions of stability for the
common numerical methods as shaded area in the two-dimensional plane with

Re(\jAt) = NJAt, asx coordinate,
Im(\;At) = A/At, asy coordinate.

The method is stable if for every A; the chosen At corresponds to a point inside
or on the boundary of the shaded area.
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Purely imaginary eigenvalues

What happens if Re();) = A} = 07 The test problem is stable in that case and
the implicit Backward Euler method is also stable.

However, recalling that the explicit Forward Euler method must satisfy the
stability condition:

—2|X| + [\ PAt <o,
2
(\/)’At <0,

we arrive at the absurd choice At = 0. The same is true for the explicit Modified
Euler method.

The only common explicit method that is stable with purely imaginary JA; is the
Runge-Kutta RK4 method. It is conditionally stable with the stability condition:

I\|At <28, forall j=1,....,m.
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Summary: Stability of numerical methods for systems of ODE's

@ Stability of numerical time-integration methods is also studied on the linear
test system of the form € = Ae. For general systems y’ = f(t,y), stability
is studied around some point (£, §) on the linearized test system
€ = J(f,y)e, where J(£,y) is the Jacobian matrix at (£, y).

@ To study the stability of the numerical time-integration method:

© derive the amplification matrix @ of the method, which depends on A
or J and At.

@ derive or estimate the eigenvalues of Q. Usually, the eigenvalues S\J- of
Q can be expressed through the eigenvalues \; of A or J.

© the general stability condition |/~\j| <1forallj=1,..., m; leads to the
stability condition on At expressed as an inequality in terms of the
eigenvalues \; of A or J.

@ There are conditionally and unconditionally stable numerical methods.
Explicit numerical methods do not always work with purely imaginary A;.
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local and global truncation errors for systems
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Definition: local truncation error for systems

Let y, = y(t,) be given and y,11 = y(tn+1) be the exact solution of the
initial-value problem at t,.; and z,,; its numerical approximation starting with
the known z, = y,. Then, the local truncation error T,,1 is defined as:

1
Thtl = E(_Yn-s-l - zn+1)7

where At =t — t,.

Definition: global truncation error for systems

The global truncation error e, is defined as the difference between the exact
solution y,i1 at t,+1 and its numerical approximation wj1:

€nt1 = Ynt1 — Wiyl

where wy = yp.
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Local truncation error of the FE method for systems

yl = f(t,}’)7 t, <t< thy1,
y(tn) = ¥n

Forward Euler method proceeds as:
Woi1 = w, + At f(t,,w,), n=0,1,...
Let w, = y,, then:
Zpi1 = Yo+ At £(tn, yn)
For the exact y, 1 we use the Taylor series (for each component of y,.1):

2 2

The local truncation error is:

Yoi1 = Yo+ YAt + (At)? =y, + F(tn, ya)At + (At)?, € € (tn, tat1)

1
T, = E(yn_l,_] — Zpp1) = y )At = O(At).

L



Local truncation errors of common

numerical methods for systems

Method

Local truncation errors 7,1

Forward Euler
Backward Euler
Trapezoidal
Modified Euler
Runge-Kutte (RK4)

O(At)
O(At)
O((At)?)
O((At)?)
O((At))

All common numerical methods are convergent with their global truncation errors
ep+1 having the same order as the local truncation errors 7,11, when applied to a
stable system and using a stable At.
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Questions

@ What is the largest At for which the Forward Euler method is stable
around the point (1,0) for the system describing competing species
(see Slide 22)7?

@ Derive the stability condition for the Modified Euler method applied
to a stable test system with a diagonalizable matrix A € R™*™ with
complex eigenvalues A\j, j =1,...,m.
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