WBMT2049-T2/WI2032TH — Numerical Analysis for ODE’s

Problems and Solutions - Part 1

numerical differentiation
numerical time integration of initial-value problems
interpolation
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numerical differentiation
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Concepts and definitions you need to know (multiple-choice questions to test

understanding)

@ Landau’s O order symbol (arithmetic operations)
@ Taylor series with remainder

@ Intermediate-Value Theorem

@ finite-difference approximation of a derivative

@ truncation error

@ order of approximation

@ general method for deriving difference formulas

@ Richardson’s extrapolation method
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Numerical /derivation questions you may get

@ Derive a finite-difference formula that approximates a derivative up to a
given order

@ Compute the truncation error of a given finite-difference approximation

@ Use Richardson’s method to estimate the order of approximation or
extrapolate a finite-difference formula to a higher-order formula
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Example 1 (derivation of a finite-difference formula)

Question. Derive an O(h?) difference formula for the first derivative f’(x) using
the nodes x — 2h, x, x + h.

Solution. The difference formula Q(h) for f'(x) for the given nodes has the form:
1
Q(h) = z(a_zf(x —2h) + aof (x) + a1 f(x + h))

To find a—3, g and 3 we use the general method. We need two Taylor series
with O(h®) remainders:

f(x — 2h) = f(x) — 2hf'(x) + 2h*f"(x) + O(h®)

f(x + h) = f(x) + hf'(x) + %2f/'(x) + O(h?)
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Example 1

Q(h) =

+

_|_

I'—‘_\.In—‘:ﬂn—l

(c—2f (x = 2h) 4+ aof (x) + a1 f(x + h))
o (F(x) — 2hf'(x) + 2 f"(x) + O(h*))
apf(x)

a1 (f(x) + hf'(x) + %f”(X) + (’)(h3)>

h

(a—2 + ap + a1)f(x)

—2ha_p + hoy) £'(x)
<2h2a2 + —al) " (x)

O(h*) + a1 O(h*))

:~||—\ :~||—l :-lp—l_\,u—x >

A
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Example 1

Q(h) = (a2 + ag + a1)f(x)

+ ( 2ha_2 + hal)f’(x)

h2
+ Z (2h2012 + 2Oél> f”(X)

+O(h?)
= f'(x) + O(h?)

i—‘}\'—‘}\l—l

(a—a+ g+ a1)=0 a_r+og+a;=0
( 2ha_ 2+h0&1)—1 = —20_r,4+a; =1
(2h2a 2+ al) =0 da_r+a; =0

= - 3=
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Example 1

From the system

(Da_2+ (g + (1)ag =0

(—2)a—2 + (0)ag + (1)ar = 1

(4)a_z + (0)ap + () =0
we deduce the

Augmented matrix of the system

-l>'|\)|—l
O O
==
O = O
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Example 1

Solving the system of equations by elimination:

a_r+ayg—4a_,=0 ag = 3a_»
—20_2—4a_r=1 = —6ba_r =1
a1 = —40472 a1 = —40172
ap = —3 Q2 —%

a_p = —% = [e7)) = —25

oy = % a1 3
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Example 2 (truncation error of a FD formula)

Question. Determine the truncation error of the following O(h?) difference
formula approximating f'(x):

Qh) =+ (—éf(x —2h) — %f(x) + %f(x—k h))

Solution. We need two Taylor series with explicit remainders:

f(x — 2h) = Bof(x) + Bihf'(x) 4+ Boh?*f"(x) + Bsf® (e )h®, ¢ € a_,b_]
f(x + h) = Gof (x) + CLhf'(x) + GR*F"(x) + GFI(E )R, & € [ay, by]

Answer: correct form of the Taylor series

f(x —2h) = f(x) — 2hf'(x) + 2h*F"(x) — gf(3)(§_)h3, £ €[x—2hx]

2
Flx ) = Fx) 4+ BF() + 0 £/ + SFOEDR, €5 € x4 h]

T —— - — — 52 Nl
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Example 2
Truncation error is defined as:

[f'(x) = Q(h)|

1

If'(x) — Q(h)| = |f'(x) — 7 (—%f(x—2h) - %f(x)+ %f(x-i— h))'

= |f'(x) + 6ih (f(x) — 2hf'(x) + 2h*f"(x) — 2f<3>(§_)h3>

1
_2 (f(x) ) + ) + 1f<3>(g )h3>
3h 2 +
1 1 2 2 )
(om0 (1-5-5) 7w
o 22\ L,
(5~ ome )f ()
8h 3) 2h Pe >
WS




Example 2

Answer with £ and &,

1F10) — QU = [27(E) + 5F(E,)| W
&_ € [x—2h,x],

€+ S [X7X+h]
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Example 2

To obtain the answer with one &, use the Intermediate Value Theorem (will be
provided):
Theorem: Intermediate Value

Let f € C[a, b] and f(a) # f(b). For any number F between f(a) and f(b) there
exists a number ¢ € (a, b) such that f(c) = F.
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Example 2

In these formulas we often have the expression of the form
afM(E_) + af(M(£,). You can use the following Lemma (will be provided).

Lemma: Range Interpolation

Let f € C[a, b] and f(a) # f(b). Then, the value F = af(a) + (1 — «)f(b),
where 0 < a < 1, is between f(a) and f(b).

Proof: If f(a) < f(b) and 0 < a < 1, then:

f(a) < af(a) + (1 — a)f(b) < f(b)
(1—a)f(a) < (1 —a)f(b) < f(b) — af(a)
—af(b) < —af(a)

f(b) > f(a)

Similarly for f(a) > f(b). In summary: af(a) + (1 —a)f(b) with0 < a < 1is
always between f(a) and f(b). O
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Example 2

How to use this Lemma? We want to rewrite the result with £_ and &, as follows:

760 - QU0 = |379(e-) + 5|1 < 5[0

§_€[x—2hx], & €x,x+h], €€[x—2hx+ h

Since one of the multipliers could have also been negative, first we transform the
result with £_ and &, to the following form:

176 = Qh)| = |afO(e) + ofO(e)| 1 < (lal |FO(e)| + lal [FO(e)|) 1

Now, we look for 5 and 0 < o < 1 such that

el [FAE)] + el [fAEn)] = 8 (a] @) + (1 - ) |fOe))

1] = Ba . [lal=sa L Je=aite
ezl = (1~ a) 2l =8~ a f=lal+lel

Problems and Solutions - Part 1

15/32



Example 2

In the present case, ¢; =2/9 and ¢, = 1/9. Hence, 8 = |c1| + || = 1/3, and
Answer with single &

70— Q) < 3 [FOQ| R, € € lx—2hx+H

o = = £ DA
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Example 3 (Richardson extrapolation)

Question. Let Q(h) be the numerical approximation of M.

@ Assuming that values Q(kh), Q(mh) and Q(nh) are known for some

k,m,n > 0 and k # m # n, estimate the order of the approximation Q(h)
(in steps)

@ Given the formula Q(h), derive the formula @(h) for a higher-order
approximation

Solution. See Lectures for the logic. Eliminate M and C and find p from the
relation M — Q(h) = Ch”. To derive Q(h), use the main assumption of the
Richardson extrapolation method:

M — Q(h) = Ch? + O(hPT1),
M — Q(h) — Ch? = O(hPH1),

i.e., @(h) = Q(h) + ChP. Assuming that the order p is known, here you will need
to eliminate M and find C from the relation M — Q(h) = ChP.
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numerical time integration of initial-value problems
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Concepts and definitions you need to know (multiple-choice questions to test

understanding)

For both a single equation and a system of equations:

initial-value problem

perturbed problem, initial value problem for the perturbation
stability and absolute stability of problems with f(y,t) = Ay + g and
fly,t)=Ay +g

idea of numerical time integration

Forward-Euler, Backward-Euler, Trapezoidal, Modified-Euler
amplification factor/matrix of a time integration method

stability and absolute stability of a time integration method

local and global truncation errors of a method

consistency, convergence, Lax’s Theorem
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Questions you may get

@ determine the amplification factor/matrix of a given time integration method
@ derive the stability condition for a given method

@ determine the order of the local and global truncation errors of a given
method
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Example 1 (amplification matrix)

Question. Determine the amplification matrix of the Modified-Euler Method for
systems:

Wni1 = w, + At f(t,, wy)

At t _
Wpi1 = W, + 7f(tna Wn) + > f(tm Wn+1)

2
Solution. On paper you use the following notation for vectors:
Wi =W, + At f(t,,w,)
Woy = o+ S E () + 5, )
Amplification factors are always derived for the test problem:
€ =Ae, €0) =g,

where A is the Jacobian matrix of f(t, y) at some f and §. You can use the
general notation A for this matrix, unless additional information about f is
provided.
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Example 1
Applying the Modified-Euler Method to the test problem we get:

En+1 =W, + AtAﬂn

At At
Wi =W, + TAﬂn + TAEn+1
After substitution we get:
At At
ﬂn—‘rl =w, + 7Aﬂn + TA(ﬂn + AtAﬂn)

Bring it to the form w,,, = (- )w,

At At At)?
Wpy1 = <I + 7/4 + 7/4 + %A2) w,

The thing inside the brackets is the amplification matrix:
Answer: amplification matrix

2
Q:I+AtA+%A2

™ = = —

e
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Example 2 (stability condition)

Question. Derive the absolute stability condition of the Modified-Euler Method
for systems:

W1 = w,+ At f(tn, Wn)
At At
Wnpi1 = Wp + 7f(tm Wn) + Tf(tmwmkl)

applied to the problem:

y'=Ay, y(0)=yo.

where the matrix A € R"*" has the eigenvalues with the properties Re();) < 0,
Im(A\)=0,j=1,...,n

Solution. You should remember that a time integration method applied to a
problem is stable if:

@ The problem is stable. In the linear/test problem case the problem is stable
if the eigenvalues A; of the matrix A have the property Re();) < 0.

@ The method is absolutely stable, i.e., the eigenvalues 5\j of the amplification
matrix Q of the method have the property [A\j| < 1forall j=1,...,n.
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Example 2

(1) Observe that the problem is stable.
(2) Apply the method to the problem to get the amplification matrix (see
previous example)

(At)?

Q=1+AtA+ A?
Express the eigenvalues 5\j of Q via the eigenvalues \; of A. To do this, let v; be
the eigenvector of A, i.e., Agj = Aj!j. Then, noting that

Ay, = A(\jvj) = NAy; = Nv;, we get

(At)* (At)*
ij:(l+AtA+2A v;=lv;+ AtAy; + > A‘v

(At)? (At)? <
= v+ AtAy + Nyvj= (1424t + > X v = Ay,
Hence,
< (At)?
A =14AtN+ = A7

and Tm(};) = 0, since \; are real.
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Example 2

Answer: implicit stability condition

(At)?
2

<1, forall j=1,...,n

To find a more explicit stability condition, we note that ); are real and
/\j = —|>\j|. ThUS,

2
—1<1—At|)\j|+( 2 NP <
(At)2

—2 < —At|\|+ N2 <0

—2 < At |\ <—1 + 7|)\j|) <0
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Example 2

Let At > 0. Then, for the right inequality to hold we need to have:
Answer: explicit stability condition

2
0 <At < —

Rk

forall j=1,...,n

o = = £ DA
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Example 2
If you are curious about the left inequality:

At)?
—1<1—At|/\j‘+( 2) |>\j|2<1

N NP A2
0<2—|)\|At+ > (At)
This is a parabola with At playing the role of x. Its "horns” point upwards.

Hence, we satisfy the condition if this parabola does not cross the "x" axis, i.e.,
when the equation:

Rk

2—¢MAt+—?{Aﬂ2:O

has no real roots. The discriminant D = b? — 4ac must then satisfy D < 0:
Ail?
D:LMF—MQL%—<O
—3\2<0

which is always true.
S



Example 3 (local truncation error)

Question. Determine the order of the local truncation error of the Modified-Euler
Method:

W1 = Wy + At F(t,, w,)

At At
Wot1 = Wy + —F(tn, wy) +

5 Tf(t,,H,W,,H)

Solution. See Lecture 5. You need to remember the definition of the local
truncation error:

Yn+1 — Zn+1

Th+1 = At

and of z, 1, which is obtained by letting w,, = y, and applying the method in
question to get z,;1 as:

En+1 =Yn+ At f(tn,)/n)

At At _
Zn+1 :_)/n+ > f(tmyn)‘i’ > f(tn+1azn+1)
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Example 3

Answer: local truncation error

Tnt+1 = 0((A t)z)
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interpolation
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Concepts and definitions you need to know

@ linear and polynomial functions

@ Lagrange form of linear interpolation

@ error of linear interpolation

@ Lagrange form of polynomial interpolation

@ Lagrange basis functions

@ error of polynomial approximation

@ Runge phenomenon and Chebyshev nodes (basic idea)

@ idea of splines, natural cubic spline (definition)
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Questions you may get

@ what is the relation between the number of nodes and the degree of
interpolating polynomials?

@ what is the order of the error when a function is approximated by its
interpolating polynomial?

@ make and justify the choice between interpolation methods for given
function and nodes

@ given a function f(x) and two points a and b, construct the linear
interpolation Li(x)

@ write down the Lagrange form of interpolating polynomial L,(x) of a given
degree n

@ write down the Lagrange basis function Ly ,(x) of a given degree nin a
given point X
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