WI14014TU — Numerical Analysis for PDE’s

Lecture 10
Finite Element Method
general weak formulation for non-symmetric operators
Galerkin's method, element matrices
1D FEM system matrix assembly
making FEM solver in Python and FEniCSx
2D FEM system matrix assembly on non-uniform
meshes
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Non-symmetric operators: general Finite Element Method

=] = - = a




Non-symmetric operators

Consider the convection-diffusion equation:

—V - (kVu)+pv-Vu+cu=1f, xeQ
u(x) = gp(x), x€0Qp
—k(x)Vu(x)-n=gn(x), xe€Qn
ou(x) — k(x)Vu(x)-n=gr(x), xedQgr

e The differential operator is no longer self-adjoint on U(2)

@ There is no suitable functional F(u) that one could minimize on U(Q)
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General weak formulation

@ Introduce two function spaces:
(1) Solution space U(Q2) = {'smooth’ u|u(x) = gp(x), x € 0Qp}
(2) Test space V(Q2) = {'smooth’ v |v(x) =0, x € 0Qp},
also called space of test functions

e Find u € U(Q) such that

/ [~V (kVu)+pv-Vu+cu—flvdQ=0
Q
for all v € V(Q)
@ Such v is then called a weak solution of the original problem. It solves

the problem in a weak sense, because integration allows for weaker
smoothness requirements on u and v
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Reducing the order of derivatives

To introduce Neumann and Robin boundary conditions, reduce the order
of the highest partial derivative:

/ [~V - (kVu)+pv-Vu+cu—flvdQ
Q
:/ [V - (kVu)] de+/ [pv-Vu+cu—flvdQ
Q Q
:/ k(Vu-Vv)dQ—/ k(Vu-n)vdF—i—/ [pv-Vu+cu—flvdQ
Q o Q
Now, also ‘smooth’ can be specified as:

ue UQ) = {ue H(Q)| u(x) = gp(x), x € dQp}
veV(Q)={veHYQ) | v(x) =0, x € 9Qp}

H(Q) is indeed a weaker smoothness requirement than C2(Q)
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Standard weak formulation

Apply the natural BC's in the boundary integral (over 0Q)

—k(x)Vu(x)-n=gn(x), xe€0Qx
ou(x) — k(x)Vu(x)-n=gr(x), xedQgr

The Dirichlet part of the boundary integral vanishes since v € V(Q).

The standard weak formulation of the problem: find
ue UQ) ={ueHY Q)| u(x) = gp(x), x € OQp} such that

/[k(Vu-Vv)+p(v-Vu)v+cuv] dQ—i—/ ouvdl
Q GlolY
:/fde— ngdr—/ grvdl

Q 0N QR

forall v e V(Q) ={ve H(Q)] v(x) =0, x € 9Qp}
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Galerkin and Petrov-Galerkin methods

@ Introduce the finite-dimensional approximation space Ux(2) with the
basis functions {uj(x)}, i =0,...,n; so that any up € Up(Q2) can be
represented as

up(x) = ajui(x)
i=0

The essential Dirichlet BC's must be included in Up(2) on the level
of some ‘essential’ basis functions

o Galerkin Mehtod: As a basis for Vj,(Q2) use the basis functions
{ui(x)} from Up(S2) with i € Sye. The set of ‘non-essential’ indexes

Sne excludes those basis functions that were used to enforce the
essential Dirichlet BC's on Ux(2)

o Petrov-Galerkin Mehtod: Use a completely different V}(Q2)
described by some other functions {v;(x)}, i € S, where
dim( Vh) = dim(SNE)
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Galerkin's method

e Find coefficients {a;}, i € Sye by solving the following system of
linear algebraic equations:

i=0

:/ ijdQ—/ gNude'—/ gRujdl', jGSNE
Q QN 00r

The coefficients a; corresponding to ‘essential’ indexes are fixed by
the Dirichlet BC's as in the Ritz's method by requiring that

oujuj C/r}
Qr

up(x) = Z ajui(x) = gp(x)
i=0
and noticing that most of the u;(x) =0, for x € 0Qp.
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Example: Galerkin method in 1D

Apply Galerkin FEM to discretize the convection-diffusion equation:

—ki +r+cu=Ff, xeQ=(0,1)
u(0)=a, —ku/(1)=05b
k,r,c are constants
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Step 1: weak formulation

— k" +rd +cu=",
— k" +rd +cu—f=0,
(—ku" +rd +cu—f)v=0,

1
/ (—ku" +r + cu—f)vdx =0,
0

1 1 1 1
—k/ u"vdx—i—r/ u'vdx+c/ uvdx—/ fvdx =0,
0 0 0 0
) 1 1 1 1
—k[u’v|0—/ u'v'dx] —I-r/ u'vdx-i—c/ uvdx—/ fvdx =0,
0 0 0 0

1
— ku'(1)v(1) + k' (0)v(0) + k/o u'v' dx

1 1 1
+r/ u’vdx+c/ uvdx—/ fvdx = 0.
0 0 0
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Step 2: function spaces and boundary conditions

Domain: Q = (0,1).

Solution space: u € U(Q) = {ue HY(Q)|u
Test space: v € V(w) = {v € HY(Q)| v(0)
Neumann BC: —ku/(1) = b.

= a}.

(0)
= 0}.

1
—ku'(1)v(1) + k' (0)v(0) + k/o u'v' dx

1 1 1
—i—r/ u'vdx+c/ uvdx—/ fvdx =0,
0 0 0

1 1 1 1
bv(1)+k/ u'v'dx-l—r/ u'vdx—l—c/ uvdx—/ fvdx =0,
0 0 0 0

1 1 1 1
k/ u'v'dx—i—r/ u'vdx—l—c/ uvdx:/ fvdx — bv(1).
0 0 0 0
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Step 3: subspaces and Galerkin equations

Let uj(x), i =0,...,n be the basis functions.

Solution subspace: Uy(Q) = {u=>""_, a;u; | u(0) = a}.
Test subspace: V4(Q) = {v =>""_, bju;| v(0) = 0}.
Substitute: u= Y"1, a;ju;.

Choose: v = uj, where j € Syg (i.e. excluding basis functions u; that are nonzero
at the Dirichlet boundary x = 0).

1 1 1 1
k/ u’v’dx+r/ u'vdx+c/ uvdx:/ fv dx — bv(1),
0 0 0 0
1.n 1 n 1 n
k/o Za;ufuj’-dx—&—r/o Za,-u,{ujdx—i—c/o Za,-u,-ujdx
i=0 i=0 i=0

1
:/ fuj dx — buj(1), j € Sne;
0

n

1 1 1 1
Z [k/o uju; dx—i—r/0 U u dx+c/0 uju; dx} a,-z/o fuj dx — bu;(1),

i=0
J € Sne.
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Step 4: specifying basis functions at internal points

Let uj(x), i =0,...,n; be linear Lagrange functions.
At the internal grid nodes i =1,...,n—1:

XL f g < x < x;

Xi—Xj—1 =7 =

) — Xi+1—X . .
U,(X) = m if Xi <x< Xi+1

0 otherwise
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Step 5: basis functions at Dirichlet boundary
Since we have nonzero Dirichlet condition u(0) = a, we need ‘half’ of the
basis function at the left boundary:

0if x<0
up(x) = % if 0<x<x

0 otherwise

Note that ug(0) =1 and u;(0) =0fori=1,...,n.
Now we can also say that Sye is j = 1,...,n. This means that there are n
Galerkin equations. But we have n+ 1 coefficients a;, i =0,...,n.

We use the Dirichlet BC u(0) = a to find that ag = a:
u(0) =" aiui(0) = aguo(0) = a
i=0

Hence, there remains n unknown a;’s to be found and we have exactly n

Galerkin equations.
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Step 6: basis functions at Neumann boundary

Since right boundary x, = 1 is the Neumann boundary, we need ‘half’ of a
basis function there as well:

)]f:i::i if Xp—1 <x <1
up(x) =4q0 if x>1

0 otherwise

We note that u,(1) =1 and vi(1)=0,i=0,...,n—1.
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Step 7: integration rule

Choose one of the quadrature rules and stick with it in all subsequent
calculations, e.g., trapezoid rule:

[ elde= 7 gl + g0

It uses only the node values of g(x).
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Step 9: element matrices

In 1D: elements e, k = 1,..., n; are intervals between two neighboring
nodes. For each (i,/)-entry of the matrix the integral can be split into sum
of integrals over elements. For example:

/ udx—Z/uudx

Instead of focusing on a single (7, j)-entry, focus on a single element e.
Compute all nonzero integrals that can be obtained by changing i an j for
this element and collect them in the element matrix Sy:

/ ! / /
f Up_qUj_q dX f Uy _q Uy dx
S = |* K
! 7 ! !
f Uty 4 dx f Uy dx
= €k

Do this for k=1,...,n

7745



Step 10: overlap in element matrices

Notice that there is an overlap in basis functions between element

matrices:

/ / / / 7
Ju ey dx [ up_qupdx

Sk = o i o a
J upuy_ dx J uju) dx
€k €k
[ upu dx [ ujupq dx
€k+1 €k+1

Sk41 =

€k+1 €k+1

! / ! /
f Upyq Uy dx f Up 1 Uj1q AX
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Step 11: matrix assembly

Hence, the matrix S should be assembled by inserting element matrices Sy
along the main diagonal of S with an ‘overlap’, so that the integrals

containing the same combinations of basis functions are added together in
a single (i,/)-entry of S. In 1D this happens only along the main diagonal:

J ubug dx J upuf dx 0
el €1
! ! !0 !0
(part of) S = fuluo dx fulul dx—i—fulu1 dx fu1u2 dx
el el & e
0 J ubuy dx J ubub dx + [ ubub dx
e € €3
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Step 12: element vectors and RHS assembly

Right-hand side vectors are also computed per element and then
assembled with overlap:

1 n
/ fujdx = Z/ fu; dx
0 k=1" €

f ka_l dx

_ e
i = | fuy dx

€k

ffuo dx
fful Cl'X+fo1dX
fo2dX+fo2dX

(part of)
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Step 13: moving Dirichlet condition to RHS

The first equation corresponds to j = 0 and we do not need it, since

ap = a is known. Hence, we can simply remove the first row of S and the
first element of f.

However, ag is also present in the second equation and we need to move

the element
ao/ Uyl dx = a/ Uy ug dx
e €1

to the right-hand side and add it to the corresponding element of the
vector f:

J Ui dx—l-fulu1 dx fuiué dx a

e a| ... =
fu2u1 dx fu2u2 dx—l—fu2u2 dx 2
e

€3

ffuldx—i—fful dx — af uyub d
(53] €
fode+fo2dX
e es

2148



Further steps

@ Compute element matrices and assemble system matrices B and M
corresponding to the terms

1 1
/ uiujdx and / uiuj dx
0 0

@ Convert integrals into numbers before assembly!

© Move Dirichlet coefficients from these matrices to the first element of
the f vector

@ Add the Neumann condition to the last element of the f vector

© Solve the linear algebraic equation:
[kS+rB+cM]a=f

to find the vector a of unknown coefficients.
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Tutorial: Solving 1D Poisson’s equation with FEM
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Poisson’s equation in 1D with non-homogeneous BC's

—u" =0, xe(0,1)
u(0) = 3,

—u'(1)=5

or 9 = = 9ace



Weak formulation

Find v € U(Q) = {u € HY(Q) ] u(0) = 3} such that

/(u’v/) dQ:/fde—/ S5vdl
Q Q 90N

for all v € V(Q) = {v € H}(Q)]| v(0) = 0}
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Galerkin FEM

@ Choose finite-dimensional solution (trial) space Un(2) C U(Q2), such
that each up € Up(Q2) can be represented via the basis functions {u;}

up(x) = Z ajui(x) = Z ajui(x) + Z a;jui(x)
i=0

i€SE iESNE

where Sg is the set of essential basis functions required by the
essential Dirichlet BC u(0) = 3, whereas, u;(0) =0, i € Sye

@ Use for the test space V},(f2) a space generated by the same
non-essential basis functions {u;}, i € Sye
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Linear Lagrange basis functions

X—Xk_1
Xk —Xk—1

— Xk41—X s
uk(x) = teno T Xk S X< Xy

0 otherwise

if xe—1 < x < X

v,
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FEM for 1D Poisson with non-homogeneous BC's

On the uniform grid h; = h, i=1,...,n:

_2 -1 0 0_ _al f(Xl) a 0

1 -1 2 -1 ... 0 an f(X2) 1 0 0
E . - — h . +E . _ .
0 -1 2 -1 dn—1 f(Xn_l) 0 0

| 0 =1 1] [ an | | F(xn)/2)] 0] b

A



FEM matrix in this case

If [0,1] is divided into 10 equal pieces, then h = 1/10, and, since f =0,
a=3,and b =5, we get

[ 20
—10

-10
20

0
-10

—10

20
—10

—10

10 |

ai
a

an—1

an
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Extended FEM matrix

Sometimes the Dirichlet BC's are explicitly inserted in the system:

1 0 0 0 .. 0 a0 3
0 20 -10 0 .. O© a 30
0 —-10 20 —10 ... O a 0
0 0 ... —10 20 —10| |a,s 0
o o .. ~10 10| | a | [-5)
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Extended FEM matrix - different source function

If f(x) =20, x € [0, 1], then the system will be

1 0 0 0 o 0 ao 3
0 20 -10 O e 0 ai 32
0 -10 20 -10 ... 0 ap 2
0 O —-10 20 —-10| |ap-1 2
0 0 —10 10 | [ an | | —4]
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Structure of FEniCSx (dolfinx 0.9.0) program
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Weak formulation used in FEniCSx and other packages

/ (Vuh-Vvh) dQ = / th dQ — th dr
Q Q [2}9]

is written as
a(u,v) = L(v)

where a(u, v) is the bilinear form and L(v) is the linear form.

@ Terms of the weak form containing both v and v are collected into
a(u, v), the rest goes into L(v)

@ The boundary integral will automatically be computed over 0y,
since for all test functions we have v,4(x) =0, x € 9Qp.
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Minimal dolfinx 0.11.0 code with matplotlib

visualization

in y-as.np
inport.matplotlib. pyplot.as-plt

import.ufl
from. ufl. inport.ds, dx, -grad, - inner
from bazix.ufl.inport. alenent

doLfinx. inport. fem, .mesh, . _version_
from. mpidpy. inport. NPT
from. petscdpy. inport. PETS
on. petzcdpy . PETSc. impart. ScalarType
from. dolfinx tac.inport. LinearProbl
dolfinx_version
if._version_ finx_version

print( .doLfinx_version,

donain. =. mesh. create_intarval (comn=HPT.COMM_WORLD, points=(x0,x0+Lx) ,n
PL

element( cell=donein. topology. cell_name() ,degre

fen. functionspace(domain
dofs_L.=. fen. locate_dofs_geonetrical (V, . Lanbda.x
g b (value L), - dots

np.isclose
ofs_L, -V

bilinear_form

i fan. form(L
problen.=. LinearProblen(

solve()

din.=. domain. geonetry.din
Dot dof,

grid V. tabula
plt. ion(

figl, . ax.=.plt. subplots (nrows=, -
x.plot (gridbof , uarr. color-

_coordinats

Ldolfin
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FEM solutions

u(x)

—e— FEM solution for f(x) =0
_2 4 —®— FEM solution for f(x) = 20

0.0 0.2 0.4 0.6 0.8 1.0
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FEM matrix assembly in 2D on a non-uniform mesh
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2D Poisson’s equation with non-zero Dirichlet BC's

2D Poisson’s equation with non-zero Dirichlet BC's

~V - (kVu)=f, xe€QCR?
u(x) =g(x), xe€dQ

S



Weak formulation
Find u € U(Q) = {u € HY(Q)] u(x) = g(x), x € OQ} such that
/ k(Vu-Vv) dQ = / fv dQ
Q Q
for all v € V(Q) = {v e HY(Q)| v(x) =0, x € 9Q}
Numerical solution is to be found over finite-dimensional subspaces:

o up € Up(Q) = {up € HY(Q) | up(x) = g(x), x € 02}, Uy C U
o vy € Vi(Q) ={vy, € HY(Q) | vi(x) =0, x € 0Q}, V,, C V

/ k(Vup-Vv) dQ = / fv, dQ
Q Q
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Galerkin method: stiffness matrix, element matrix

Sk = [ k) (Vus(x) - Vi (x) 02

[S]¢, = /Q K(x) (Vui(x) - Vui(x)) d2
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Unit (master triangle)

e Corners: %1 = (0,0), X2 = (1,0), and X3 = (0,1)
@ Basis functions: vi(X), vo(X) and v3(X) are defined at the corners

@ Inside the triangle these basis functions have the form

)\1()?):1_)?_5}7
Ao (%) = X,
A3(X) =y

Y



Iso-parametric coordinate transformation

The actual coordinates x and y inside the e-th element . with the
vertices (x{, y5), (x5,y5), and (x5, y5) can be expressed through the
coordinates X and y of the master element by the iso-parametric
transformation:

y()?a.),}) :y]_e)\l )?75})+y26)‘2()?a)7)+y§)‘3 )?a.)/})

e



Basis funcitons inside the 2, element

The basis functions defined at the three vertices of the element €., inside
this element, have the form A{(x) = A\1(X(x)), A5(x) = X2(%(x)), and
$(x) = A3(%X(x)), that can be obtained by the coordinate transformation.
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Derivatives of basis funcitons inside €2,

To evaluate the element matrix, we need the following expression:

OAE(x) OANE,(x) N OAE(x) OANE,(x)

x€Qe Ox Ox dy dy
_ OAn(%(x)) 0Am(X(x)) n OAn(X(x)) 8)\m(x(x))’ nom=1.23.
ox Ox oy ay

B



Transformation of partial derivatives

The partial derivatives are transformed as:

M N DR ON, DY
Ox 0% Ox | 9y ox’
M N DR ON, B9
dy 0% oy ' 9y oy’

vx/\z — Jev)?Am

% oy R
_ |o _ |ox ax
= |t B\ -2 &
dy Oy gy 0y

This is the Jacobian matrix for the element Q.
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Element Jacobian matrix

- -1
P —)/f‘l‘}/ﬂ
e — | _,e e _ e e
|—x1 +X3 —y1 + Y3
_ 1 Y3—Yi YI—Y¥s
(x5 —xD)5 —¥f) — (5 = x5 )5 —yf) X — X5 X3 —x
R 5
IR AN
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Explicit expressions for partial derivatives of basis functions

% = Jfl% + szaa—); = —Ji — i,
% = Jfl% + szaa—); = Ji1,
% = Jfl% + szaa—); = Jp,
%_Ayl = ng% + ngaa—); =—J5 — J%,
(?9_>}\/2 = Jfl% + Jfgaa—); = J31,
%_i\f = Jfl% + szaa—); = J5,
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Compact form

o
- 3 ;AL =
Js,

; e
P

JS |
Js,
e = XODT A"



Element matrix

Se=M. | k(x)dQ = McAcke,
Qe

Ao = 5068 = x0) - (x5 = x0),
K. = Ai/ k(x) dQ ~ %(k(xf) + k(xS) + k(x5))

e

48/ 48



