
WI4014TU – Numerical Analysis for PDE’s

Lecture 10
Finite Element Method

general weak formulation for non-symmetric operators
Galerkin’s method, element matrices
1D FEM system matrix assembly

making FEM solver in Python and FEniCSx
2D FEM system matrix assembly on non-uniform

meshes
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Non-symmetric operators: general Finite Element Method
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Non-symmetric operators

Consider the convection-diffusion equation:

−∇ · (k∇u) + ρv · ∇u + cu = f , x ∈ Ω

u(x) = gD(x), x ∈ ∂ΩD

−k(x)∇u(x) · n = gN(x), x ∈ ∂ΩN

σu(x)− k(x)∇u(x) · n = gR(x), x ∈ ∂ΩR

The differential operator is no longer self-adjoint on U(Ω)

There is no suitable functional F (u) that one could minimize on U(Ω)
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General weak formulation

Introduce two function spaces:
(1) Solution space U(Ω) = {‘smooth’ u | u(x) = gD(x), x ∈ ∂ΩD}
(2) Test space V (Ω) = {‘smooth’ v | v(x) = 0, x ∈ ∂ΩD},
also called space of test functions

Find u ∈ U(Ω) such that∫
Ω
[−∇ · (k∇u) + ρv · ∇u + cu − f ] v dΩ = 0

for all v ∈ V (Ω)

Such u is then called a weak solution of the original problem. It solves
the problem in a weak sense, because integration allows for weaker
smoothness requirements on u and v
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Reducing the order of derivatives

To introduce Neumann and Robin boundary conditions, reduce the order
of the highest partial derivative:∫

Ω
[−∇ · (k∇u) + ρv · ∇u + cu − f ] v dΩ

=

∫
Ω
[−∇ · (k∇u)] v dΩ+

∫
Ω
[ρv · ∇u + cu − f ] v dΩ

=

∫
Ω
k(∇u · ∇v) dΩ−

∫
∂Ω

k(∇u · n)v dΓ +

∫
Ω
[ρv · ∇u + cu − f ] v dΩ

Now, also ‘smooth’ can be specified as:

u ∈ U(Ω) = {u ∈ H1(Ω) | u(x) = gD(x), x ∈ ∂ΩD}
v ∈ V (Ω) = {v ∈ H1(Ω) | v(x) = 0, x ∈ ∂ΩD}

H1(Ω) is indeed a weaker smoothness requirement than C 2(Ω)
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Standard weak formulation

Apply the natural BC’s in the boundary integral (over ∂Ω)

−k(x)∇u(x) · n = gN(x), x ∈ ∂ΩN

σu(x)− k(x)∇u(x) · n = gR(x), x ∈ ∂ΩR

The Dirichlet part of the boundary integral vanishes since v ∈ V (Ω).

The standard weak formulation of the problem: find
u ∈ U(Ω) = {u ∈ H1(Ω) | u(x) = gD(x), x ∈ ∂ΩD} such that∫

Ω
[k(∇u · ∇v) + ρ(v · ∇u)v + cuv ] dΩ+

∫
∂ΩR

σuv dΓ

=

∫
Ω
fv dΩ−

∫
∂ΩN

gNv dΓ−
∫
∂ΩR

gRv dΓ

for all v ∈ V (Ω) = {v ∈ H1(Ω) | v(x) = 0, x ∈ ∂ΩD}
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Galerkin and Petrov-Galerkin methods

Introduce the finite-dimensional approximation space Uh(Ω) with the
basis functions {ui (x)}, i = 0, . . . , n; so that any uh ∈ Uh(Ω) can be
represented as

uh(x) =
n∑

i=0

aiui (x)

The essential Dirichlet BC’s must be included in Uh(Ω) on the level
of some ‘essential’ basis functions

Galerkin Mehtod: As a basis for Vh(Ω) use the basis functions
{ui (x)} from Uh(Ω) with i ∈ SNE . The set of ‘non-essential’ indexes
SNE excludes those basis functions that were used to enforce the
essential Dirichlet BC’s on Uh(Ω)

Petrov-Galerkin Mehtod: Use a completely different Vh(Ω)
described by some other functions {vi (x)}, i ∈ S , where
dim(Vh) = dim(SNE )
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Galerkin’s method

Find coefficients {ai}, i ∈ SNE by solving the following system of
linear algebraic equations:

n∑
i=0

ai

{∫
Ω
[k(∇ui · ∇uj) + ρ(v · ∇ui )uj + cuiuj ] dΩ+

∫
∂ΩR

σuiuj dΓ

}
=

∫
Ω
fuj dΩ−

∫
∂ΩN

gNuj dΓ−
∫
∂ΩR

gRuj dΓ, j ∈ SNE

The coefficients ai corresponding to ‘essential’ indexes are fixed by
the Dirichlet BC’s as in the Ritz’s method by requiring that

uh(x) =
n∑

i=0

aiui (x) = gD(x)

and noticing that most of the ui (x) = 0, for x ∈ ∂ΩD.
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Example: Galerkin method in 1D

Apply Galerkin FEM to discretize the convection-diffusion equation:

−ku′′ + ru′ + cu = f , x ∈ Ω = (0, 1)

u(0) = a, −ku′(1) = b

k, r , c are constants
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Step 1: weak formulation

− ku′′ + ru′ + cu = f ,

− ku′′ + ru′ + cu − f = 0,(
−ku′′ + ru′ + cu − f

)
v = 0,∫ 1

0

(
−ku′′ + ru′ + cu − f

)
v dx = 0,

− k

∫ 1

0
u′′v dx + r

∫ 1

0
u′v dx + c

∫ 1

0
uv dx −

∫ 1

0
fv dx = 0,

− k

[
u′v

∣∣1
0
−
∫ 1

0
u′v ′ dx

]
+ r

∫ 1

0
u′v dx + c

∫ 1

0
uv dx −

∫ 1

0
fv dx = 0,

− ku′(1)v(1) + ku′(0)v(0) + k

∫ 1

0
u′v ′ dx

+ r

∫ 1

0
u′v dx + c

∫ 1

0
uv dx −

∫ 1

0
fv dx = 0.
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Step 2: function spaces and boundary conditions

Domain: Ω = (0, 1).
Solution space: u ∈ U(Ω) = {u ∈ H1(Ω) | u(0) = a}.
Test space: v ∈ V (ω) = {v ∈ H1(Ω) | v(0) = 0}.
Neumann BC: −ku′(1) = b.

−ku′(1)v(1) + ku′(0)v(0) + k

∫ 1

0
u′v ′ dx

+ r

∫ 1

0
u′v dx + c

∫ 1

0
uv dx −

∫ 1

0
fv dx = 0,

bv(1) + k

∫ 1

0
u′v ′ dx + r

∫ 1

0
u′v dx + c

∫ 1

0
uv dx −

∫ 1

0
fv dx = 0,

k

∫ 1

0
u′v ′ dx + r

∫ 1

0
u′v dx + c

∫ 1

0
uv dx =

∫ 1

0
fv dx − bv(1).
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Step 3: subspaces and Galerkin equations
Let ui (x), i = 0, . . . , n be the basis functions.
Solution subspace: Uh(Ω) = {u =

∑n
i=0 aiui | u(0) = a}.

Test subspace: Vh(Ω) = {v =
∑n

i=0 biui | v(0) = 0}.
Substitute: u =

∑n
i=0 aiui .

Choose: v = uj , where j ∈ SNE (i.e. excluding basis functions uj that are nonzero
at the Dirichlet boundary x = 0).

k

∫ 1

0

u′v ′ dx + r

∫ 1

0

u′v dx + c

∫ 1

0

uv dx =

∫ 1

0

fv dx − bv(1),

k

∫ 1

0

n∑
i=0

aiu
′
iu

′
j dx + r

∫ 1

0

n∑
i=0

aiu
′
iuj dx + c

∫ 1

0

n∑
i=0

aiuiuj dx

=

∫ 1

0

fuj dx − buj(1), j ∈ SNE ;

n∑
i=0

[
k

∫ 1

0

u′iu
′
j dx + r

∫ 1

0

u′iuj dx + c

∫ 1

0

uiuj dx

]
ai =

∫ 1

0

fuj dx − buj(1),

j ∈ SNE .
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Step 4: specifying basis functions at internal points

Let ui (x), i = 0, . . . , n; be linear Lagrange functions.
At the internal grid nodes i = 1, . . . , n − 1:

ui (x) =


x−xi−1

xi−xi−1
if xi−1 ≤ x ≤ xi

xi+1−x
xi+1−xi

if xi ≤ x ≤ xi+1

0 otherwise
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Step 5: basis functions at Dirichlet boundary
Since we have nonzero Dirichlet condition u(0) = a, we need ‘half’ of the
basis function at the left boundary:

u0(x) =


0 if x < 0
x1−x
x1

if 0 ≤ x ≤ x1

0 otherwise

Note that u0(0) = 1 and ui (0) = 0 for i = 1, . . . , n.
Now we can also say that SNE is j = 1, . . . , n. This means that there are n
Galerkin equations. But we have n + 1 coefficients ai , i = 0, . . . , n.
We use the Dirichlet BC u(0) = a to find that a0 = a:

u(0) =
n∑

i=0

aiui (0) = a0u0(0) = a

Hence, there remains n unknown ai ’s to be found and we have exactly n
Galerkin equations.
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Step 6: basis functions at Neumann boundary

Since right boundary xn = 1 is the Neumann boundary, we need ‘half’ of a
basis function there as well:

un(x) =


x−xn−1

1−xn−1
if xn−1 ≤ x ≤ 1

0 if x > 1

0 otherwise

We note that un(1) = 1 and ui (1) = 0, i = 0, . . . , n − 1.
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Step 7: integration rule

Choose one of the quadrature rules and stick with it in all subsequent
calculations, e.g., trapezoid rule:∫ xi

xi−1

g(x) dx ≈ xi − xi−1

2
[g(xi−1) + g(xi )]

It uses only the node values of g(x).
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Step 9: element matrices

In 1D: elements ek , k = 1, . . . , n; are intervals between two neighboring
nodes. For each (i , j)-entry of the matrix the integral can be split into sum
of integrals over elements. For example:∫ 1

0
u′iu

′
j dx =

n∑
k=1

∫
ek

u′iu
′
j dx

Instead of focusing on a single (i , j)-entry, focus on a single element ek .
Compute all nonzero integrals that can be obtained by changing i an j for
this element and collect them in the element matrix Sk :

Sk =


∫
ek

u′k−1u
′
k−1 dx

∫
ek

u′k−1u
′
k dx∫

ek

u′ku
′
k−1 dx

∫
ek

u′ku
′
k dx


Do this for k = 1, . . . , n.
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Step 10: overlap in element matrices

Notice that there is an overlap in basis functions between element
matrices:

Sk =


∫
ek

u′k−1u
′
k−1 dx

∫
ek

u′k−1u
′
k dx∫

ek

u′ku
′
k−1 dx

∫
ek

u′ku
′
k dx


Sk+1 =


∫

ek+1

u′ku
′
k dx

∫
ek+1

u′ku
′
k+1 dx∫

ek+1

u′k+1u
′
k dx

∫
ek+1

u′k+1u
′
k+1 dx


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Step 11: matrix assembly

Hence, the matrix S should be assembled by inserting element matrices Sk
along the main diagonal of S with an ‘overlap’, so that the integrals
containing the same combinations of basis functions are added together in
a single (i , j)-entry of S . In 1D this happens only along the main diagonal:

(part of) S =


∫
e1

u′0u
′
0 dx

∫
e1

u′0u
′
1 dx 0∫

e1

u′1u
′
0 dx

∫
e1

u′1u
′
1 dx +

∫
e2

u′1u
′
1 dx

∫
e2

u′1u
′
2 dx

0
∫
e2

u′2u
′
1 dx

∫
e2

u′2u
′
2 dx +

∫
e3

u′2u
′
2 dx



Lecture 10 19 / 48



Step 12: element vectors and RHS assembly
Right-hand side vectors are also computed per element and then
assembled with overlap: ∫ 1

0
fuj dx =

n∑
k=1

∫
ek

fuj dx

fk =


∫
ek

fuk−1 dx∫
ek

fuk dx



(part of) f =


∫
e1

fu0 dx∫
e1

fu1 dx +
∫
e2

fu1 dx∫
e2

fu2 dx +
∫
e3

fu2 dx


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Step 13: moving Dirichlet condition to RHS
The first equation corresponds to j = 0 and we do not need it, since
a0 = a is known. Hence, we can simply remove the first row of S and the
first element of f .
However, a0 is also present in the second equation and we need to move
the element

a0

∫
e1

u′1u
′
0 dx = a

∫
e1

u′1u
′
0 dx

to the right-hand side and add it to the corresponding element of the
vector f :

∫
e1

u′1u
′
1 dx +

∫
e2

u′1u
′
1 dx

∫
e2

u′1u
′
2 dx∫

e2

u′2u
′
1 dx

∫
e2

u′2u
′
2 dx +

∫
e3

u′2u
′
2 dx


a1a2
...

 · · · =


∫
e1

fu1 dx +
∫
e2

fu1 dx − a
∫
e1
u′1u

′
0 dx . . .∫

e2

fu2 dx +
∫
e3

fu2 dx


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Further steps

1 Compute element matrices and assemble system matrices B and M
corresponding to the terms∫ 1

0
u′iuj dx and

∫ 1

0
uiuj dx

2 Convert integrals into numbers before assembly!

3 Move Dirichlet coefficients from these matrices to the first element of
the f vector

4 Add the Neumann condition to the last element of the f vector

5 Solve the linear algebraic equation:

[kS + rB + cM] a = f

to find the vector a of unknown coefficients.
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Tutorial: Solving 1D Poisson’s equation with FEM
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Poisson’s equation in 1D with non-homogeneous BC’s

−u′′ = 0, x ∈ (0, 1)

u(0) = 3, −u′(1) = 5
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Weak formulation

Find u ∈ U(Ω) = {u ∈ H1(Ω) | u(0) = 3} such that∫
Ω

(
u′v ′

)
dΩ =

∫
Ω
fv dΩ−

∫
∂ΩN

5v dΓ

for all v ∈ V (Ω) = {v ∈ H1(Ω) | v(0) = 0}
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Galerkin FEM

Choose finite-dimensional solution (trial) space Uh(Ω) ⊂ U(Ω), such
that each uh ∈ Uh(Ω) can be represented via the basis functions {ui}
as

uh(x) =
n∑

i=0

aiui (x) =
∑
i∈SE

aiui (x) +
∑
i∈SNE

aiui (x)

where SE is the set of essential basis functions required by the
essential Dirichlet BC u(0) = 3, whereas, ui (0) = 0, i ∈ SNE

Use for the test space Vh(Ω) a space generated by the same
non-essential basis functions {ui}, i ∈ SNE
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Linear Lagrange basis functions

uk(x) =


x−xk−1

xk−xk−1
if xk−1 ≤ x ≤ xk

xk+1−x
xk+1−xk

if xk ≤ x ≤ xk+1

0 otherwise

a bxkxk−1 xk+1

1

0

x

xk+2
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FEM for 1D Poisson with non-homogeneous BC’s

On the uniform grid hi = h, i = 1, . . . , n:

1

h


2 −1 0 . . . 0
−1 2 −1 . . . 0
...

. . .

0 . . . −1 2 −1
0 . . . −1 1




a1
a2
...

an−1

an

 = h


f (x1)
f (x2)
...

f (xn−1)
f (xn)/2

+
1

h


a
0
...
0
0

−


0
0
...
0
b


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FEM matrix in this case

If [0, 1] is divided into 10 equal pieces, then h = 1/10, and, since f = 0,
a = 3, and b = 5, we get

20 −10 0 . . . 0
−10 20 −10 . . . 0
...

. . .

0 . . . −10 20 −10
0 . . . −10 10




a1
a2
...

an−1

an

 =


30
0
...
0
−5


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Extended FEM matrix

Sometimes the Dirichlet BC’s are explicitly inserted in the system:

1 0 0 0 . . . 0
0 20 −10 0 . . . 0
0 −10 20 −10 . . . 0
...

. . .

0 0 . . . −10 20 −10
0 0 . . . −10 10





a0
a1
a2
...

an−1

an


=



3
30
0
...
0
−5


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Extended FEM matrix - different source function

If f (x) = 20, x ∈ [0, 1], then the system will be

1 0 0 0 . . . 0
0 20 −10 0 . . . 0
0 −10 20 −10 . . . 0
...

. . .

0 0 . . . −10 20 −10
0 0 . . . −10 10





a0
a1
a2
...

an−1

an


=



3
32
2
...
2
−4


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Structure of FEniCSx (dolfinx 0.9.0) program
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Weak formulation used in FEniCSx and other packages

∫
Ω
(∇uh · ∇vh) dΩ =

∫
Ω
fvh dΩ−

∫
∂Ω

bvh dΓ

is written as

a(u, v) = L(v)

where a(u, v) is the bilinear form and L(v) is the linear form.

Terms of the weak form containing both u and v are collected into
a(u, v), the rest goes into L(v)

The boundary integral will automatically be computed over ∂ΩN ,
since for all test functions we have vh(x) = 0, x ∈ ∂ΩD .
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Minimal dolfinx 0.11.0 code with matplotlib

visualization
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FEM solutions

0.0 0.2 0.4 0.6 0.8 1.0
x

2

0

2

4

6

8

u(
x)

FEM solution for f(x) = 0
FEM solution for f(x) = 20
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FEM matrix assembly in 2D on a non-uniform mesh
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2D Poisson’s equation with non-zero Dirichlet BC’s

2D Poisson’s equation with non-zero Dirichlet BC’s

−∇ · (k∇u) = f , x ∈ Ω ⊂ R2

u(x) = g(x), x ∈ ∂Ω
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Weak formulation

Find u ∈ U(Ω) = {u ∈ H1(Ω) | u(x) = g(x), x ∈ ∂Ω} such that∫
Ω
k (∇u · ∇v) dΩ =

∫
Ω
fv dΩ

for all v ∈ V (Ω) = {v ∈ H1(Ω) | v(x) = 0, x ∈ ∂Ω}

Numerical solution is to be found over finite-dimensional subspaces:

uh ∈ Uh(Ω) = {uh ∈ H1(Ω) | uh(x) = g(x), x ∈ ∂Ω}, Uh ⊂ U

vh ∈ Vh(Ω) = {vh ∈ H1(Ω) | vh(x) = 0, x ∈ ∂Ω}, Vh ⊂ V∫
Ω
k (∇uh · ∇vh) dΩ =

∫
Ω
fvh dΩ
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Galerkin method: stiffness matrix, element matrix

[S ]i ,j =

∫
Ω
k(x) (∇ui (x) · ∇uj(x)) dΩ

[S ]ei ,j =

∫
Ωe

k(x) (∇ui (x) · ∇uj(x)) dΩ
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Unit (master triangle)

Corners: x̂1 = (0, 0), x̂2 = (1, 0), and x̂3 = (0, 1)

Basis functions: v1(x̂), v2(x̂) and v3(x̂) are defined at the corners

Inside the triangle these basis functions have the form

λ1(x̂) = 1− x̂ − ŷ ,

λ2(x̂) = x̂ ,

λ3(x̂) = ŷ .
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Iso-parametric coordinate transformation

The actual coordinates x and y inside the e-th element Ωe with the
vertices (xe1 , y

e
1 ), (x

e
2 , y

e
2 ), and (xe3 , y

e
3 ) can be expressed through the

coordinates x̂ and ŷ of the master element by the iso-parametric
transformation:

x(x̂ , ŷ) = xe1λ1(x̂ , ŷ) + xe2λ2(x̂ , ŷ) + xe3λ3(x̂ , ŷ),

y(x̂ , ŷ) = y e1λ1(x̂ , ŷ) + y e2λ2(x̂ , ŷ) + y e3λ3(x̂ , ŷ).
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Basis funcitons inside the Ωe element

The basis functions defined at the three vertices of the element Ωe , inside
this element, have the form λe

1(x) = λ1(x̂(x)), λe
2(x) = λ2(x̂(x)), and

λe
3(x) = λ3(x̂(x)), that can be obtained by the coordinate transformation.
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Derivatives of basis funcitons inside Ωe

To evaluate the element matrix, we need the following expression:

∇ui · ∇uj |x∈Ωe
= ∇λe

n · ∇λe
m =

∂λe
n(x)
∂x

∂λe
m(x)
∂x

+
∂λe

n(x)
∂y

∂λe
m(x)
∂y

=
∂λn(x̂(x))

∂x

∂λm(x̂(x))
∂x

+
∂λn(x̂(x))

∂y

∂λm(x̂(x))
∂y

, n,m = 1, 2, 3.
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Transformation of partial derivatives

The partial derivatives are transformed as:

∂λn

∂x
=

∂λn

∂x̂

∂x̂

∂x
+

∂λn

∂ŷ

∂ŷ

∂x
,

∂λn

∂y
=

∂λn

∂x̂

∂x̂

∂y
+

∂λn

∂ŷ

∂ŷ

∂y
,

∇xλ
e
n = Je∇x̂λn,

Je =

[
∂x̂
∂x

∂ŷ
∂x

∂x̂
∂y

∂ŷ
∂y

]
=

[
∂x
∂x̂

∂y
∂x̂

∂x
∂ŷ

∂y
∂ŷ

]−1

This is the Jacobian matrix for the element Ωe
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Element Jacobian matrix

Je =

[
−xe1 + xe2 −y e1 + y e2
−xe1 + xe3 −y e1 + y e3

]−1

=
1

(xe3 − xe1 )(y
e
2 − y e1 )− (xe2 − xe1 )(y

e
3 − y e1 )

[
y e3 − y e1 y e1 − y e2
xe1 − xe3 xe2 − xe1

]
=

[
Je11 Je12
Je21 Je22

]
.

Lecture 10 45 / 48



Explicit expressions for partial derivatives of basis functions

∂λ1

∂x
= Je11

∂λ1

∂x̂
+ Je12

∂λ1

∂ŷ
= −Je11 − Je12,

∂λ2

∂x
= Je11

∂λ2

∂x̂
+ Je12

∂λ2

∂ŷ
= Je11,

∂λ3

∂x
= Je11

∂λ3

∂x̂
+ Je12

∂λ3

∂ŷ
= Je12,

∂λ1

∂y
= Je21

∂λ1

∂x̂
+ Je22

∂λ1

∂ŷ
= −Je21 − Je22,

∂λ2

∂y
= Je21

∂λ2

∂x̂
+ Je22

∂λ2

∂ŷ
= Je21,

∂λ3

∂y
= Je21

∂λ3

∂x̂
+ Je22

∂λ3

∂ŷ
= Je22,
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Compact form

λe
x =

−Je11 − Je12
Je11
Je12

 , λe
y =

−Je21 − Je22
Je21
Je22

 .

Me = λe
x(λ

e
x)

T + λe
y (λ

e
y )

T .
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Element matrix

Se = Me

∫
Ωe

k(x) dΩ = MeAeke ,

Ae =
1

2
(xe

2 − xe
1 ) · (xe

3 − xe
1 ),

ke =
1

Ae

∫
Ωe

k(x) dΩ ≈ 1

3
(k(xe

1 ) + k(xe
2 ) + k(xe

3 ))
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