WI14014TU — Numerical Analysis for PDE’s

Lecture 8
Finite Element Method
Mathematical preliminaries: function spaces,
differential operators, functionals, variational calculus
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Function spaces




Function Space

o Q — open and bounded domain in R”, where “open” means that the
set does not contain its boundary

o Q — closure of Q, union of Q and its boundary 09, i.e., Q=QuUoN

@ V — vector space over field F. For every v,u,w € V and any

a,be F:

@ Associativity of addition: u+ (v+w) =(u+v)+w

Commutativity of addition: u+v=v+u
Identity element of addition: there is 0 € V such that v+ 0 =v
Inverse element of addition: there is —v € V such that v+ (—v) =0
Compatibility of scalar and field multiplications: a(bv) = (ab)v
Identity element of scalar multiplication: 1v = v, where 1 € F
Distributivity of scalar multiplication (1): a(u + v) = au + av
Distributivity of scalar multiplication (2): (a + b)u = au + bu

0000000

e V/(Q) — function space. Given Q C R", V(Q) is a space of functions
on Q (by default — vector space) that satisfy some smoothness
requirements and possibly boundary conditions on 092
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Normed Space

@ Assume F =R

o |lv|| = norm of v € V(Q), is an operation V() — F that
“measures”’ the magnitude of the elements of V/(Q2). For any
u,v e V(Q)and a € F a norm must be:

@ Absolutely homogeneous (scalable): ||av| = |a] ||v]|
@ Subadditive (triangle inequality): ||u + v| < ||u]| + || v]]
© Nonnegative: |v|| >0
@ Definite (point separating): if ||v|| =0, then v =0
e Normed vector space is a pair (V| - ||), where V is a vector space
and || - || is a norm on V

o (V(Q),|l-l) = normed (function) space
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L2(S2) space
o Let Q=(a,b) CR

e L?(Q) - space of square-integrable functions, i.e.,
b
u e L2(Q) iff / lu(x)|? dx < oo

e [2(Q) is a normed space with L?-norm defined as

fule= ([ ()P o) -

@ Inner product of u(x) and v(x) can be defined as:

b
(u,v)2 = (u,v) 2 :/a u(x)v(x) dx

@ Hilbert space is a normed space, where norm is induced by the inner
product. L?(Q) is a Hilbert space, since |ul|3 = (u, u),2
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H(Q) space

o H(Q) - Sobolev space of square-integrable functions with
square-integrable first derivatives, i.e.,

ue HY(Q) iff ue L?(Q) and % € L%(Q)

X

Hence, H1(Q) C L%(Q)

e H(RQ) is a normed space with the norm defined as:

lulln = (/b [|u(x)12+ ]j’,ﬂ dx)m

o HY(Q) is a Hilbert space since its norm is induced by an inner product:
du d
(o = e+ (5 57) = ull = (s
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CK(Q) spaces

C(f2) - space of functions continuous on Q

C(Q) c L%(Q), since if uc C(Q) and Q is a compact set, then u is
bounded and, therefore, square-integrable

o With the uniform norm:

[ulloe = max[u(x)|
x€Q

C(€2) becomes a normed space, but not a Hilbert space

C(Q) - space of functions with continuous first derivatives on Q

C?(Q) - space of functions with continuous second derivatives on Q
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Piecewise-constant functions
Q= (a,b)

c ( ) 1if xe [Xk—lyxk]
X) =
k 0 otherwise

ck(x) € L2(Q), ck(x) ¢ C(Q), cu(x) & HI(Q)

A
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Linear functions: ¢y + ¢1x

— X—Xk—1 -+

ék(X):m if Xk_]_SXSXk
X —X .

ﬁ:(x) = )ﬁ if Xk S X S Xk+1

per node: /x(x) =
0 otherwise

o /k(x) € C(Q), li(x) € HY(Q), £x(x) € L2(R)
o /i(x) ¢ CHQ)

v,
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Quadratic polynomial functions: ¢y + c1x + cx?

v(x) =00 (200 —1)
per element x € [xk—1,xk] : v(X) = < va(x) = £, (20, — 1)
va(x) = 4651 £y

v.

Lecture 8 10 /42



Function spaces and boundary conditions

e Functions from C() satisfying homogeneous Dirichlet BC's:
Co(Q) = {u € C(Q)] u(a) = u(b) = 0}

o Similarly, we can define C}(Q2) and CZ(Q2)

o Let Q C R?, and 99 = 9Qp U 9Q, where u(x) = 0 if x € 0Qp. If
we say that u(x) € C}(R), then it means

u(x) € G}(Q) = {ue CHQ)|u(x) =0, x € I}

Note that 0Q2x — Neumann boundary — is not included in the
definition of the function space C}(Q)
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Function spaces and boundary conditions

o A function space Vp(Q2) = {u € V(Q)|u(x) =0, x € 0Q} with zero
Dirichlet boundary conditions is often closed under addition and
scalar multiplication, i.e., for any a, b € R and u, v € Vp(Q2), we have
au(x) + bv(x) € V()

o A function space V,(Q2) = {u € V(Q)|u(x) = g(x), x € 0Q} with
nonzero Dirichlet boundary conditions is not closed under addition
and scalar multiplication, i.e., if u,v € Vg(Q), then, in general,

au(x) + bv(x) ¢ Vg(Q)

B



Differential operators
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Differential operators

@ To define a differential operator one needs a pair (D, V(Q2)), where D is an
operation of differentiation and V(Q) is a function space. For example, the
operator of the second derivative on a function space of twice continuously
differentiable functions on Q = (a, b) satisfying the BC u(a) = u(b) =0 is
defined as

L(u) = {322 lue CO(Q)}

@ The n-dimensional linear differential operator £ of the order m is a mapping
(map) between two function spaces £ : V(2) — W(Q); L(u) = f, where
ue V(Q)and f € W(Q), such that

la
L(u) = Z aa(X1, X0, -y Xn ou

’ )8x1°‘18x2°‘2 coOxpm

la|<m

where a = (a1, ap,...,q,) is a multi-index and |a] = a3 +as + -+ + ;.
For example, a two-dimensional second-order differential operator is a
mapping of the form:
0?u 4 aa ) 0?u 4 3 )82u

a1 o(x1, %) =——=— + ax2(x1, x0) =
02 1,2(X1, X2 9105 2,2(X1, X2 02

)

L(u) =a11(x1,%) =



The role of function space

@ Properties of £ depend on the choice of V()

@ Dirichlet boundary conditions at 9€2p are included in the definition of
the operator £ via the function space V(Q), e.g., as V(Q) = C}(Q)
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Positive differential operators

Similar to positive-definite matrices, a differential operator L is positive if
/ vL(v)dQ >0, forany ve V(Q)\ {0}
Q

where {0} is the zero element of the function space, e.g., v(x) =0, x € Q
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Positivity of Laplacian with Dirichlet BC's in 1D

The operator £(u) = —u” is positive on C}(a, b):
. (VV/)/ — V'V + w
/ vL(v)dQ = —/ vix)V'(x)dx = | w’ = (w') = VvV
! ’ JwY dx = [
=—[v(x)v’(x)]: / v'v dx—/ IV/(x)|>dx > 0,

since v € C3(a, b) i.e. v(x) continuous and v(a) = v(b) = 0.

Question: can it be that v(x) = const # 0, i.e. v/(x) =0, x € (a, b), and
v(a) = v(b) =07
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Positivity of Laplacian with Dirichlet BC's in 2D and 3D

The operator L(u) = —V - (kVu) is positive on C}(Q):

/vc(v)dQ:—/ vV - (KVv) dQ
Q Q
V- (vkVv)=(Vv): (kVv)+ VvV (va)]

vV - (kVv) =V - (vkVv)—(Vv) - (kVv)
JoV-udQ= [,qu-ndl

:_/ (kav)-ndr—l—/(Vv)-(va)dQ
o0 Q

:/ KIVvP dQ >0, [if k(x)>0 and v(x) € CX(Q)
Q

Specifically, we need k(x) > 0 for all x € Q; and v(x) = 0, for all x € 9Q
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Self-adjoint differential operators

The differential operator L is self-adjoint on V(Q) if

/vﬁ(u)dQ:/ ul(v)dQ, forall u,veV(Q)
Q Q

This is the analogue of the matrix symmetry property.
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Self-adjointness of Laplacian with Dirichlet BC's in 1D

The operator £(u) = —u is self-adjoint on C3(a, b). Let u,v € C}(a, b).

Then,

/Q V() dQ = — / ) () dx

b b
=— [v(x)u'(x)]s-i-/ v dx:/ vu' dx

/Q uL(v) dQ = — / V() dx

b b
=— [u(x)v'(x)]:—i—/ u'v' dx:/ vu' dx
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Self-adjointness of Laplacian with Dirichlet BC's in 2D

Theorem: The operator £(u) = —V - (kVu) is self-adjoint on C}(),
where Q C R?

Proof...
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Functionals and variational calculus
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Functionals

@ Functional is a mapping from a function space into the associated
field of numbers. In the present case, L: V() — R

@ It can be any mathematical operation that takes a function from
V() and produces a real number, e.g., integration or taking a
maximum
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Example: distance on a plane
o Let V(Q) be C(a, b) with BC's u(a) = u, and u(b) = up for each
u € V(). In short
V(Q) = V(a, b) = {u(x) € C(a, b) | u(a) = ua, u(b) = up}

Then, every u € V(Q) is a path between the points (a, u,) and
(b, up) in R?. The function space V() is not closed (why?).
@ Arc-length of each path is a functional

v,
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Example: mass on a spring
o We consider x(t) from C(2), where Q = (a, b) is an open time
interval, and BC's are x(a) = x5, x(b) = xp
V(Q) = V(a,b) = {x(t) € C(a,b)| x(3) = x0sx(b) = x5}

o Kinetic energy is T = mv?/2 = m(x")?/2. Potential energy is
U = kx?/2, where k is the spring coefficient

o Lagrangianis L(x',x,t) =T — U = m(x')?/2 — kx?/2

@ The action functional S is

t b m(X’)2 kX2
— / — —_—
S_/t1 E(x,x,t)dt—/a ( 5 2>dt
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Minimization of functionals

e Minimization problem: find i € V() such that
L(d) < L(u), forall ue V(Q)

@ Introduce an additional vector space Vp(2) C V(Q), with
homogeneous Dirichlet BC’s
Vo(Q) ={ue V(Q)|u(x)=0, x € 0Qp}

o Extremum problem: find i € V() such that the G&teaux variation of
L is zero at 4, i.e.:

d
—L(d+ ev) =0, forall ve V(Q)
de =0

o Vp(Q) is called the space of test functions

@ Rewrite the Gateaux variation of L so that the du Bois-Reymond
Lemma can be applied to derive an (Euler-Lagrange) equation for i.
Solve the Euler-Lagrange equation on V/(Q) to find i
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Fundamental lemma of variational calculus

Lemma (du Bois-Reymond): Assume Q = (a, b). Let V(Q2) be a
function space of sufficiently smooth functions that vanish on the boundary
of . Assume f(x) is continuous on €, i.e., f € C(Q2). Suppose that

/b f(x)v(x)dx =0, forall ve V() ()
Then,
f(x) =0, xeQ ()

That is: a weak zero of f(x) () established for all test functions from
Vo(€2) is equivalent to the strong zero of f(x) (*x). Valid also in 2D and
3D.
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Example: shortest path in a plane
Q= (a,b).
V(Q) = {u(x) € C%(Q) | u(a) = u, u(b) = up}.

Vo(Q) = {v(x) € C3(Q) | v(a) = v(b) = 0}. Note, Vo(Q) is a vector space.
We want to minimize the functional:

— /b mdx over V(Q)

We look for an extremum, where: %L(ﬁ + ev)|e=o = 0 for all v € Vp(Q), i.e

diLu-l-ev /\/1 + (0 + ev))? dx
> (@' +ev')
/de\/ i +ev')?dx = /

\/1—1- —i—ev’
d bW
—L(d+ ev =
de ( )e:O \/1+ N/
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Shortest path in a plane (continued)

d
Zl(i+ev)] =0, Yve V(Q)
de e=0
b ﬁlvl ¢ = 1-:—7( 0
\/ 1 + d¢ w dX,

vii' b /b vii" J
— —_— — X
LH(@p], Ja (L ()22

:/ab [W} vdx =0, Wve Vo(Q)

From du Bois-Reymond’s Lemma and since u € V(Q):

_nl

(1+ (a)2)%/2

=0, or |—i"=0, x€(ab); u(a)=ua, u(b)=up
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Shortest path in a plane (continued)
Hence, extremum problem for the functional L(u) has been reduced to the
boundary-value problem for the differential equation:

—i"=0, i(a)=us a(b)=up
The solution is the straight line between (a, u,) and (b, up):
Up — U
b—a

i(x) = us+

(x = b)

u,

v.
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Lagrange's equation in 1D

e Q= (a,b)

o U(Q) = {u(x) € C¥(Q)| u(a) = ua}

o V(Q)={v(x) € C3(Q)|v(a) =0}
Minimize

b
S(u) =/a L(x,u,u)dx over U(Q)

Additional assumptions:

o % € C(Q)

° & (55) € C(Q)

o Vo(Q) = {v(x) € C3Q)| v(a) = v(b) = 0}
Note: Vo(Q2) C V(Q).
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Lagrange’s equation in 1D (continued)

Let G € U(Q), ve V(Q), ecR:

e =L [ cioiten(ate))d
de u eV o de . XU ev,(u eV X
b g
:/ d—ﬁ(x,ﬁ—i—ev,ﬁ'—i—ev’)dx
_/b 0L 9 v+ L@+ o)
) |aadet T a d ‘
—/b % +— /—L: +/ 8—Lv dx
~ /), |oa P Bl
baor d
—l%d[ ]/7()
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Lagrange’s equation in 1D (continued)
Since v € V(Q), v(a) =0, and LS(i+ev)| _,=0 =
L Vv e V(Q) ()

/baﬁ_d OLN] g OL
o lod ax\ow )|V T T aw |,

If this holds for all v € V(Q), then it also holds for all v € V,(2), since

Vo(Q2) € V(). Recall that v(b) =0 if v € V(). Further, by
du Bois-Reymond’s Lemma:

oL d (0L
aﬁ_dx<aﬁ'>_0 (%)

On the other hand, if (xx) holds, then from (x):

oL

- —v =0, Vve V(Q)
ou’ x=b
oL

e — =0, since v(b)#0
oi'|,_,
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Lagrange’s equation in 1D (continued)

Hence, the minimization (extremum) problem for the action functional
reduces to the Lagrange differential equation:

oL d (oL
%—a<ﬁ>—0, Xe(a,b)

with the essential boundary condition: i(a) = u,,

and the natural boundary condition: %(b) =0
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Example: mass on a spring

Identify: x — t, i — x, i’ — x’, and the Lagrangian is

m(x')?  kx?
L(t N = —"2
(txx) = =3 2
The Euler-Lagrange equation is:

oL _d (9L) _,
Ox dt \ox' )

d N
—kx—a(mx)—o

mx" + kx =0, t€(a,b)

Hence, the Lagrange equation further reduces to a linear second-order
ODE (“oscillator” equation).
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Lagrangian functional for a self-adjoint operator

Theorem:

Q — open bounded domain in R", n=1,2,3

Vo(€2) — space of functions on Q that are zero on 9Q
fecC(Q)

L — positive self-adjoint linear differential operator on V()

up € Vo(2) — the unique solution of the differential equation:
L(u)="f

Then, ug minimizes the functional:

L(u) = /Q [;uﬁ(u)—fu} dQ

L(up) < L(u), forall ue V(Q)

o



Lagrangian for a self-adjoint operator (proof)

Proof: Let u, up € Vp(2) and u # up. Also (u— up) € Vo(R)
(homogeneous Dirichlet BC's). Since L is positive on Vp(Q),

E/Q(u —up)L(u—up)dQ >0 (positive)

2
%/ [uLu — uluy — upLu + ugLug) dQ (linear)
Q

- %/ [uCu — uluy — ulug + ugLug] d2 (self-adjoint)
Q

:E/UEUdQ—/uﬁuon—kl/uoﬁuon
2 Ja Q 2 /g

zl/uﬁudﬂ—/uﬁuodﬂ—l—(l—l)/uoﬁuon
2 Jo Q 2) Ja
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Lagrangian for a self-adjoint operator (proof, continued)

%/Q(u —ug)L(u— up)dQ =

1 1
= —/ uEudQ—/ ulug dQ+/ ugLug dQ——/ ugLug dQ2
2 Jq Q Q 2 Jg
:1/uEudQ—/ufdQ+/uofdQ—1/u0£uon>0 (Lug = 1)
2 Jg Q Q 2 Jg
l/uﬁudQ—/ur‘dQ>—[/ uofdQ—l/uoﬁuon]
2 Jg Q Q 2 Jg

/ Fuoﬁuo — uof] dQ </ [luﬁu— uf} dQ, forall ue W(Q)
Q2 Q2
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From functional to Poisson’s equation

@ Q — open bounded domainin R”, n=1,2.3

@ 00 = 0Qp U 0Qx

@ k(x)>0,xeQ

e f(x) e C(Q)

@ g(x) is a function on 0Qp

@ h(x) is a continuous function on 99

o U(Q)={u|V-(kVu) € C(Q); u(x)=g(x),x € 0Qp}

o V(Q)={v|V-(kVv) e C(Q); v(x)=0,x € 0Qp}

o W(Q)={v|V-(kVv)e C(Q); v(x)=0,x € 0Q} C V(Q)
Minimize the functional

F(u)z/ﬂ[%Vu-(kVu)—fu] dQ+/mN hudl over U(Q)
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Minimization problem (continued)
Take u € U(Q), v € V(Q), € € R, and compute the variation:

Flu+ev) =
/Q[§V(u—i-GV) kV(u—i-GV)—f(u—i-ev)] dQ+/BQN h(u + ev) dr

1 1
/ [ Vu-(kVu)+ - Vu (kVev) + EVEV - (kVu)
Q

-I-—Vev - (kVev) — fu — efv] dQ2 + (hu+ ehv) dl’
2 Gl

:/ [EVU'(kVU)—fU] dQ—l—/ hu dr

Ql2 0N

—|—e/[Vu-(va)—fv] dQ+e/ hv dl'
Q 0

QN
62
-l-—/Vv-(va)dQ
2 Ja
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Minimization problem (continued)

Compute the derivative at € = 0 and transform integral to the form [(...)v dQ
d
$F(u +€v) . =0
/[Vu-(va)—fv] dQ+/ hvdl =0
Q 0N

V - (ukVv) =Vu- (kVv)+ uV - (kVv)
Vu- (va) V- (vkVu) — vV - (kVu)
JoV - (vkVu)dQ = [yo(n- Vu)kv dl

/ (n-Vu)kvdr—i-/[—V-(kVu)—f]de—i—/ hvdl =0
o0 Q QN

/[—V-(kVu)—f]de+/ [(n-Vu)k+hHvdl =0
Q [J93N;
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Minimization problem (continued)

/[—V-(kVu)—f]de+/ [(n-Vu)k +hlvdl =0
Q 0N

Since this holds for all v € V() it also holds for all v € V().
Therefore, by du Bois-Reymond's Lemma:

-V (kVu)=1f, xe€Q (%)

Thus, if we choose u € U(QQ) to satisfy this equation and the additional
boundary condition

—(kVu)-n=h, x€0Qn, (**)

then we shall minimize the functional F[u] on U(2). The Dirichlet
boundary condition u(x) = g(x), x € 9Qp is not present in the functional,
but is included in U(2) and makes the solution of (x) unique.
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